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Abstract
In order to accurately model large, advanced and eﬃcient wind turbines, more reli-
able and realistic aerodynamic simulation tools are needed. In this project a code
to compute the aerodynamics of a Horizontal Axis Wind Turbine is developed. The
formulation is based on Prandtl's lifting line theory and assuming a helical prescribed
wake of the rotor. To develop this code, another code to compute the wing aerody-
namics based in Prandtl's lifting line is developed. This wing code is also explained
and validated in this project. Furthermore, the formulation of the numerical lifting
line and its adaptation to compute the wing and rotor aerodynamics is presented.
The HAWT code is expected to predict the tangential and normal forces to the ro-
tor plane and the results coming from numerical and experimental comparisons are
presented. Finally, further code improvements are suggested.
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Chapter 1
Aim
The aim of this project is to develop and validate a numerical code to compute the
aerodynamic forces of Horizontal Axis Wind Turbines (HAWT). The code will be
based on the Prandtl's Lifting Line theory and the results will be compared with
other existing numerical and experimental results in order to validate them. While
developing the HAWT code, a numerical code to compute the aerodynamics of a
wing was created and is also presented in this project.
1
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Chapter 2
Scope
In this chapter a brief explanation of what the lecturer will and will not ﬁnd in
this project is done. Firstly, the main points that the project covers are detailed
in Section 2.1. Then, what is not being done as part of the project is explained in
Section 2.2.
2.1 In Scope
The main points that this project will cover are:
I State of the art research about the existing methods for the Horizontal Axis
Wind Turbines loads computation.
I Explanation of the original Prandtl's Lifting Line theory formulation.
I Adaptation of the original formulation for the numerical computation of a wing
and a HAWT.
I Development of a numerical computation code to predict the aerodynamic loads
of an unswept, straight and without control surfaces wing.
I Development of a numerical computation code to predict the aerodynamic loads
of a Horizontal Axis Wind Turbine in stationary conditions.
I Veriﬁcation of the code is done using numerical and experimental results. The
experimental results used are obtained from (del Campo, [31]) , an experimental
study of a Horizontal Axis Wind Turbine using the non intrusive Stereoscopic
Particle Image Velocimetry (SPIV) experimental technique. The computed
tangential and normal forces per unit length with the developed code are com-
pared with the numerical results of a panel code and a BEM code from (del
3
Chapter 2. Scope
Campo, [31]) and the bound circulation distribution is compared with the SPIV
and Panel Code results from (del Campo et al., [36]). Finally, the results ob-
tained with a lifting line code from the AWSM software (Grasso et al., [26])
will be also used for validation.
I Write the explanation of the code, including all the functions used.
I Write the instructions to do a properly use of the code.
I Project budget and environmental impact.
I Conclusions and future development to improve the capabilities of the devel-
oped softwares.
2.2 Out of Project Scope
It is important to keep in mind what will not be covered on this project, which is
detailed by the following points:
I The non-stationary conditions are not going to be covered.
I Transitory conditions are not simulated.
I The optimum operation point for a given design and wind conditions is not
evaluated.
I The power curve for a given design and wind conditions is not calculated.
I A rotor design based on the developed code is not proposed.
I The wind turbulence is not simulated.
I Aeroelastic phenomena is not taken into account.
I The wind speed of the free stream is assumed to be constant through all the
rotor.
I Blades with coning or prebend and wings with sweep, dihedral or control sur-
faces are not going to be simulated.
I The interference between the hub and the tower with the blades is not simu-
lated.
Finally, to understand the obtained results it is important to take into account the
hypothesis assumed by the Lifting Line theory and the assumptions made while
developing the numerical code (see Chapter 6).
Daniel Sánchez Muñoz 4
Chapter 3
Justiﬁcation
The Wind Power is one of the leading technologies in new electricity production
installations over the past ten years. As an example, during 2013, 11.2 [GW ] of new
wind power generating capacity were installed in the EU, making Wind Power the
leading technology in new installations in 2013 (EWEA, [1]). Figure 3.1 shows that
it is only closely followed by solar PV energy. Furthermore, in 2013 the investment
in EU in wind farms was between ¿13 bn and ¿18 bn with oﬀshore wind farms
accounting for ¿4.6 bn to ¿6.4 bn, making the 2013 a record year for oﬀshore
installations in the EU.
Figure 3.1: Share of new power capacity installations in EU in 2013. Total: 35181
MW. Adapted from (EWEA, [1]).
But this role of the wind energy do not only concerns to the EU, as wind power
has now established itself as a mainstream electricity generation source, playing a
central role in an increasing number of countries' immediate and long term energy
plans (GWEC, [3]). Nowadays, demand growth is very slow or non-existent in most
of the OECD, so demand for new power generation of any kind is slim. However,
5
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Figure 3.2: Annual market forecast by region 2014-2018. Adapted from (GWEC,
[2]).
new markets outside the OECD, such as Latin America (mainly Brazil and Mexico)
and Midle East, continue to appear and some of them will begin to make a signiﬁcant
diﬀerence to overall market ﬁgures. Therefore, after 2014, the GWEC expects an
annual global market growth of 6-10% out to 2018 (GWEC, [2]). Figure 3.2 shows the
annual market forecast by regions from 2014 to 2018 made by the GWEC. Finally,
though using this clean energy will contribute greatly to reduce the global CO2
emissions, is its cost competitiveness that is its greatest advantage in the market
place in the absence of a concerted eﬀort to combat climate change.
Then, to be competitive in this growing market, the Wind Power companies must
satisfy the exigences of the market and guarantee to their clients that their Wind
Turbines will accomplish the expected energy production while keeping the unit cost
as low as possible. In order to do so, an absolutely knowledge of the phenomena that
rules the performance of a Wind Turbine is essential.
Despite the great cost reductions in wind turbine technology made over the last years,
further ones are needed to reach the full potential of the Wind Power production.
Each company uses its own numerical computation and simulation tools to try to
achieve the market requirements. Improving the reliability of the aerodynamics
models currently used in the companies design softwares is overriding to ensure wind
energy cost reductions. Most of the availables softwares are based on the BEM theory
due to its high eﬃciency compared to full CFD codes, in which full Navier-Stokes
equations are implemented, implying a strong expertise and a lot of computer time.
However, various experimental campaigns have demonstrated that BEM codes are
not always well suited to properly describe the aerodynamic loads distribution on
Daniel Sánchez Muñoz 6
the blades of HAWT (Sant, [35]). Semi-empirical corrections are applied, so as to
improve the results precision and cover the limitations of this computational method.
Since more accurate results coming from numerical predictions are mandatory in
order to design more advanced and eﬃcient wind turbines, codes based in more re-
alistic methods need to be developed. In this project, a numerical code to compute
the aerodynamic loads of a HAWT based on the Prandtl's Lifting Line theory is
developed. Though it requires more computational time compared with the BEM
ones, it can be easily achieved with today's personal computers thanks to the in-
crease in computational capacity achieved over the past years. Despite this growing
in personal computers computational capacity, the Computational Fluid Dynamics
methods are still computationally expensive and are almost uniquely developed with
really big computers.
Prandtl's Lifting Line theory applies to large aspect ratio lifting surfaces like the
HAWT's blades. The theory of this method and its adaptation for the numerical
computation is presented on Chapter 6.
One of the main advantages of the Lifting Line theory in front of the BEMT for the
HAWT aerodynamics prediction is that eﬀect of the number of blades on the obtained
results are more realistic because the rotor is composed by a ﬁnite number of blades
and it is no longer considered a semipermeable disc. Then, the interference between
blades can be considered. Besides, the wake of the rotor is no longer considered
as a stream-tube. Instead of it, it is assumed that it is composed by a number of
detached vortex lines in a helicoidal pattern. Finally, although it is not going to be
done in this project, no-straight blades, sweep and blades with high-lift devices can
be computed. The BEM theory is not explained in this project, but its complete
formulation can be found at (Hansen, [4]). Because of these advantages, many wind
energy research institutions have developed lifting line codes for the aerodynamics
analysis of HAWT. Therefore, the constant eﬀorts of researchers in order to improve
the lifting line method and its applications, plus the good results obtained computing
the aerodynamic loads, indicates that this method is useful for the prediction of rotor
loads of horizontal axis wind turbines (see Chapter 5).
Finally, it is important to remark that doing this project will contribute to increase
the knowledge of the lifting line programming and the HAWT aerodynamics of the
ETSEIAT School (UPC). An exhaustive work has been done to unify the formulation
for the adaptation of the numerical lifting line to simulate a horizontal axis wind
turbine assuming a prescribed wake and now all this information will be clear and
accessible for future works on this subject.
7 Daniel Sánchez Muñoz
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Chapter 4
Introduction
In this chapter, a general introduction to the wind turbines is done at Section 4.1 so
as to anyone might be able to understand the basis of this project. Then, an outline
of the project and the project planning is showed at Sections 4.2 and 4.3 respectively.
4.1 Introduction to wind turbines
For more than two millennia, wind powered machines have ground grain and pumped
water. It was at the end of the XIX century when the ﬁrst windmill was used for the
production of electricity. With the development of electric power, wind power found
new applications in lighting buildings remote from centrally-generated power. Today
wind powered generators operate in every size range between tiny plants for battery
charging at isolated residences, up to near-gigawatt sized oﬀshore wind farms that
provide electricity to national electrical networks.
The ﬁrst wind power research programs appeared with the 1973 oil crisis. Then, at
the beginning of the 80's appeared the called last generation wind turbines. After
an important commercial ﬁght between the diﬀerent wind turbines concepts, e.g.
horizontal/vertical axis and number of blades, the three bladed horizontal axis wind
turbine was the chosen one. This design is usually called the Danish concept, which
can be seen at the Alstom wind farm of Figure 4.1. This concept has been techno-
logically improved year by year and nowadays wind turbines are in average about
130 meters of diameter and a nominal power of 3 MW for onshore and 150 meters
of diameter and 6 MW of nominal power for oﬀshore. The trend in oﬀshore wind
turbines is to do bigger rotors year by year.
The wind turbine captures the wind's kinetic energy through the blades and, trans-
mitting this mechanical energy to the generator, transforms it into electric energy.
Therefore a wind turbine can be divided in three essential parts: the blades, the
9
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Figure 4.1: Alstom ECO 80 Wind Turbines at Clachan Flats wind farm, UK. Re-
produced from (Alstom,[28]).
electric generator and the tower. Besides, a completely understanding of the wind at
the desired location where the wind turbine wants to be installed is crucial. These
four factors are generally described as follows:
I Wind: The study of the atmospheric conditions that the wind turbine will
face through all its life is very important to choose the suited wind turbine for
a desired location. The range of the direction and intensity of the wind, the
turbulence intensity and the range of density and temperature must be studied.
I Blades: It is the component which captures the energy of the wind. The blades
are aerodynamic sections that generate the forces to roll the rotor and produce
energy. They are up to 75 meters long and made from composite materials to
reduce cost and weight. New blades are build longer and longer year by year in
order to take the maximum energy from low speed winds. The characteristics
of each section (chord, twist (or set up pitch), etc.) change through the blade
spanwise direction to adapt to the incident wind of each one. Furthermore,
the hub allocates the mechanism to change individually the pitch of the blades
according to the wind speed and the position of each one.
I Generator: The electric generator, located at the nacelle, transforms the
mechanical energy into electrical energy and controls the rotor angular speed.
In case of extremely-high wind speeds, the rotor is braked through the pitch
control and the brakes (located at the nacelle) so as to avoid excessive loads
that might compromise the structural integrity of the wind turbine and to avoid
to generate AC without the desired properties.
Daniel Sánchez Muñoz 10
4.2. Project Outline
I Tower: The tower is the structural element which supports and transmits the
loads to the founds.
These are the important elements of a HAWT for this project, in which a two bladed
horizontal axis rotor will be studied at Chapter 8.
4.2 Project Outline
This project is divided into six main parts:
I Research of the current status of the lifting line theory applied to the horizontal
axis wind turbines.
I Lifting Line theory explanation and its adaptation for the numerical computa-
tion of a wing and a HAWT.
I Development of the numerical computation code based on Prandtl's Lifting
Line theory to study the aerodynamics a wings. Then, the developed code is
explained and instructions to do a correct usage of it are given.
I Development of the numerical computation code based on Prandtl's Lifting
Line theory to study the aerodynamics of HAWTs. The developed code is
explained and instructions to do a correct usage of it are given too.
I Codes validation.
I Environmental impact, budget, conclusions and future work.
Firstly, in Chapter 5 the diﬀerent methods to compute the HAWT aerodynamics
are brieﬂy introduced. Then, the most important lifting line works related to this
project from the past 15 years are shortly presented.
Next, in Chapter 6 the lifting line theory is introduced. This theory is the basis
for the calculations done in this project. The Fourier method is introduced here
and then, in Section 6.2, the theory's adaptation for the numerical computation is
explained. Then, in Subsection 6.2.2 it is adapted for HAWTs computations.
The description of the developed code is given in Chapter 7. Here, the choice of the
programming language FORTRAN 90 over other existing programming languages
is justiﬁed and the main subroutines of the code are explained. Once again, this
chapter starts with the functions deﬁnition of the ﬁrst code (Wing code, Appendix
A) and ﬁnishes with the description of the main code of this project (HAWT code,
Appendix B). Besides, the descriptions of the output and input ﬁles are given in this
chapter.
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In Chapter 8 the validation of the code is done. Firstly, the results for a non-
rotating elliptical wing are validated with theoretical results. Secondly, a rotor with
a rectangular blade with the twist angle adapted to the inﬂow angle of each section
is evaluated and compared with the results from AWSM (Grasso, [26]). Then, the
study of the rotor studied at the Doctoral Thesis (del Campo, [31]) is done. The
characteristics of the simulated HAWT are described in Section 8.3. A comparison
between the bound circulation and the tangential and normal forces per unit length
is done. The tangential and normal forces per unit length are compared with the
numerical results of a Panel Code and a BEM code obtained at (del Campo, [31]). The
bound circulation is compared with the experimental results by means of Stereoscopic
Particle Image Velocimetry (SPIV) and the numerical results of a Panel Code from
showed in the paper (del Campo et al., [36]) presented at the EWEA Annual Event
2014, in which the same rotor was studied. Since all the secondary computations,
such as the drag and lift calculation, are obtained using the bound circulation, this
is the most important validation done.
To ﬁnish this project, the environmental impact and the budget are presented in
Chapters 9 and 10 respectively. Lastly, Chapter 11 shows the conclusions and in
Chapter 12 the recommendations for future development of the code are given.
4.3 Project Planning
Since the time to do and write this project was limited, the work that had to be
done to ﬁnish it before the deadline was divided into diﬀerent tasks with individual
deadlines in order to do a properly manage of the time and tasks track. With that
purpose, the Gantt chart of Figure 4.2 was done. The work was divided into four
main parts:
I The state of the art.
I The code development, divided in Wing, Rotor, and HAWT model.
I Validation of the code, divided in the same parts as the development.
I Writing the report, divided in an initial writing (10 days), a ﬁnal writing (20
days) and the last updates (6 days).
With this schedule, while developing the code all the eﬀorts will be focused in this
task, which may be regarded as the heart of this project. The start date, end date
and duration of each task can be seen at Figure 4.2.
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Figure 4.2: Gantt chart.
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In this chapter, a comprehensive review of horizontal axis wind turbine aerodynamic
loads computation methods and softwares is given. The ﬁrst part starts the review
with the simple aerodynamic Blade Element Momentum Theory and ends with a
study of the CFD methods. On the second part an analysis of the current aero-
dynamic softwares for horizontal axis wind turbines is done. Finally, a review of
the most relevant lifting line based methods applied to the study of wind turbine
aerodynamics over the past ﬁfteen years is done.
5.1 Methods for Horizontal-Axis Wind Turbines Numer-
ical Computation
In this section, methods of various levels of complexity to calculate the aerodynamic
loads on a wind turbine rotor are exposed, starting with the popular BEM theory,
and ending with the solution of the N-S equations. Figure 5.1 shows an scheme of
the diﬀerent methods. All these methods are brieﬂy introduced and references to see
the complete formulation of each one are given. The Prandtl's lifting line method is
the only one fully explained in this project (see Chapter 6).
5.1.1 Blade Element Momentum Theory
The Blade Element Momentum theory is the most common tool for calculating the
aerodynamic loads on wind turbine rotors since it is computationally cheap and thus
very fast (Hansen et al., [5]). Furthermore, it provides satisfactory results provided
that good airfoil data are available for the lift and drag coeﬃcients as a function of
the angle of attack, and if possible, the Reynolds number.
In this method, the turbine blades are divided into a number of independent elements
15
Chapter 5. State of the art
HAWT Numerical Computation
BEM 3D Inviscid
Aerodynamic models
CFD
Lifting-Line Panels RANS LES DNS
GH Bladed
AeroDyn
AWSM
FLEX
FOCUS6
Qblade
Figure 5.1: Methods for horizontal-axis wind turbines numerical computation
along the length of the blade. At each section, a force balance is applied involving
2D section lift and drag with the thrust and torque produced by the section. At the
same time, a balance of axial and angular momentum is applied. This produces a set
of non-linear equations which can be solved numerically for each blade section. The
formulation of this method can be seen at (Hansen, [4]). This method though simple
and readily implementable, is not precise enough because it cannot accurately esti-
mate the eﬀect of the wake and the 3D ﬂows because of their simpliﬁed assumptions.
Semi-empirical corrections are applied so as to improve the results precision.
The majority of softwares to compute the aerodynamic loads on a HAWT are based
on this theory, and the most popular ones are: GH Bladed, AeroDyn, FLEX5, FO-
CUS6 and Qblade, introduced at Section 5.2.
5.1.2 Lifting Line Theory
A simple solution for unswept three-dimensional wings can be obtained by using
Prandtl's lifting line theory. The main assumption in this theory is that the extension
of the geometry in span-wise direction is predominant compared to the ones in chord
and thickness direction. For incompressible, inviscid ﬂow, the wing is modelled as a
single bound vortex line located at the quarter chord line and an associated vortex
sheet.
According to Helmholtz theorems, a vortex line cannot start or end abruptly in a
ﬂuid. Therefore, if any change of the vortex line strength is introduced, it must be
followed by introducing a similar vorticity component in the other direction. Then,
these trailing vortices are shed into the ﬂow and create a wake. Then, the trailing
vortices create a downwash that creates an induced angle of attack which makes the
section geometrical angle of attack smaller than the actual geometric angle of attack.
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The equation that deﬁnes the problem states that the sum of the normal velocity
components induced by the wing and the wake vortices, plus the normal velocity
component of the free-stream ﬂow, must be zero on the wing's solid boundary.
Estimating the normal velocity component induced by the lifting line and the trailing
vortices, leads to an integro-diﬀerential equation known as the Prandtl's lifting line
equation. The solution to this equation is a function of the distribution of circulation
over the span. Finally, the lift and drag forces can be obtained by the Kutta-
Joukowski theorem. All the formulation of this method is shown at Chapter 6. In
that chapter, the adaptation of this formulation for the numerical computation of
wings and a HAWTs is given. Although it is not done in this project, the formulation
can be adapted to simulate sweep or non-straight wings.
5.1.3 Panel Methods
The inviscid and incompressible ﬂow past the blades themselves can be found by
applying a surface distribution of sources and dipoles. The background is Green's
theorem, which allows obtaining an integral representation of any potential ﬂow
ﬁeld in terms of the singularity distribution. Source distributions are responsible
for displacing the unperturbed ﬂow so that the solid boundaries are shaped as ﬂow
surfaces. Dipoles are added so as to develop circulation into the ﬂow to simulate the
lift of the lifting components. The complete formulation of this method is shown in
(Katz & Plotkin, [38]).
5.1.4 CFD
Computational Fluid Dynamics consists of solving the diﬀerential equations govern-
ing ﬂuid ﬂow using approximate numerical means. In principle, with suﬃcient grid
reﬁnement, the solution of the discretized governing equations yields a ﬂow that is
a reasonable representation of reality, at least within the context of the underlying
assumptions used to derive the model equations.
The earliest uses of CFD within the context of wind turbine performance analysis
was in the prediction of two-dimensional properties. However, with increases in
computing power it has come to be used at all scales. The nature of turbulent ﬂows
is such that their exact solution is simply impossible, especially at high Reynolds
number. However, in many instances we are satisﬁed with simply modeling the
eﬀects of turbulence on the mean ﬂow and, although use of Large Eddy Simulation
for wind energy applications is slowly increasing, the majority of models are based on
the incompressible Reynolds-Averaged Navier-Stokes equations. The computational
17 Daniel Sánchez Muñoz
Chapter 5. State of the art
cost of these methods limits their application to only very necessary cases where
highly precise results are needed.
All of the methods brieﬂy described in this subsection require the solution of some
form of the conservation equations for mass, momentum and energy, of chemical
properties. The major diﬃculty is that the turbulent ﬂows contain variations on a
much wider range of length and time scales than laminar ﬂows. So, even though they
are similar to the laminar ﬂow equations, the equations describing turbulent ﬂows,
such as the wake of a wind turbine, are usually more diﬃcult and expensive to solve.
To see the complete formulation of these methods see (Ferziger and M. Peri¢, [12]).
5.1.4.1 Reynolds-Averaged Navier-Stokes (RANS)
Engineers are normally interested in knowing just a few quantitative properties of a
turbulent ﬂow, such as the average forces on a body, i.e a blade or a blade section.
Using the methods described after this section (LES and DNS) to compute these
quantities is really computationally expensive. These methods should only be used
as a last resort, when nothing else succeeds or, occasionally, to check the validity of
a RANS model. It is called the Reynolds-Averaged method because it is based on
ideas proposed by Osborne Reynolds over a century ago.
The RANS equations are derived from the principles of conservation of mass and
momentum. In Reynolds-averaged approaches to turbulence, all of the unsteadiness
is averaged out i.e. all unsteadiness are regarded as part of the turbulence. On
averaging, the non-linearity of the N-S equations gives rise to terms that must be
modeled. Then, to close the equations, a turbulence model must be introduced. The
complexity of turbulence makes it unlikely that any Reynolds-averaged model will
be able to represent all turbulent ﬂows so turbulence models should be regarded
as engineering approximations. An application of this method in wind turbines is
showed at (Li et al., [14]).
5.1.4.2 Large Eddy Simulation (LES)
Turbulent ﬂows contain a wide range of length and time scales. The large scale
motions are generally much more energetic than the small scale ones; their size
and strength make them by far the most eﬀective transporters of the conserved
properties. The small scales are usually much weaker and provide little transport of
these properties. Therefore, a simulation which treats the large eddies more exactly
than the small ones may make sense. LES are three dimensional, time dependent
and expensive but much less costly than Direct Numerical Simulation of the same
ﬂow.
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Figure 5.2: Time dependence of a velocity component at a point. Reproduced from
(Ferziger and M. Peri¢, [12]).
It is essential to deﬁne quantities to be computed precisely. The quantitative proper-
ties are obtained by ﬁltering them. In this approach, the large or resolved scale ﬁeld
is essentially a local average of the complete ﬂuid. As an example of this approach,
the time dependence of a velocity component at a point obtained with LES and DNS
can be seen at Figure 5.2.
The time advance methods most commonly used in DNS and LES are of second to
fourth order accuracy; Runge-Kutta methods have been used most commonly. In
general, for a given order of accuracy, Runge-Kutta methods require more computa-
tion per time step but they are preferred because the errors they produce are much
smaller than those of the competing methods. The Crank-Nicholson method is often
applied to the terms that must be treated implicitly. It is also important to note
that, because LES and DNS require large amounts of computer time, the programs
used to make these kinds of simulations are usually special purpose codes. For this
reason, the discretization methods employed in these methods are often particular
to the problem being solved.
Finally, it must be mentioned that many researchers have attempted to build a
method that provides the advantages of both RANS and LES while avoiding the
disadvantages. A method that accomplishes this is called either Very Large Eddy
Simulation (VLES) or unsteady RANS. Its solutions often agree better with exper-
iments than steady RANS computations but there are questions about the quan-
titative accuracy of this approach. Furthermore, a method called Detached Eddy
Simulation has been suggested for separated ﬂows. In this approach, RANS is used
for the attached boundary layer and LES is applied to the free shear ﬂow resulting
from separation. Only a few simulations of this kind have been made to date and the
results are not yet conclusive. It has shown promising results but still needs further
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validation. Examples of application of the DES method can be seen at (Sørensen et
al., [13]) and (Travin, [11]).
5.1.4.3 Direct Numerical Simulation (DNS)
The most accurate approach to turbulence simulation is to solve the Navier-Stokes
equations without averaging or approximation other than numerical discretizations
whose errors can be estimated and controlled. It is also the simplest approach from
the conceptual point of view. In DNS simulations, all of the motions contained in
the ﬂow are resolved.
To assure that all of the signiﬁcant structures of the turbulence have been captured,
the domain on which DNS computation is performed must be at least as large as
the physical domain to be considered or the largest turbulence eddy. Each linear
dimension of the domain must be at least a few times the latter scale, the distance
over which the ﬂuctuating component of the velocity remains correlated (integral
scale). Furthermore, a valid simulation must also capture all of the kinetic energy
dissipation. As far as this occurs on the smallest scales, the size of the grid must be
no larger than a viscously determined scale, called the Kolmogoroﬀ scale.
Since the number of grid points that can be used in a computation is limited by
the processing speed and memory of the machine on which it is carried out, DNS
is possible only for ﬂows at relatively low Reynolds numbers and in geometrically
simple domains. The results of a direct numerical simulation contain very detailed
information about the ﬂow. This can be very useful but, on the one hand, it is far
more information than any engineer needs and, on the other, DNS is too expensive
to be employed very often and cannot be used as a design tool. It can be used to
construct a quantitative model, e.g. a RANS type, which will allow other similar
ﬂows to be computed.
5.2 Current Aerodynamic Softwares for Horizontal-Axis
Wind Turbines
In this section, a general review of the current aerodynamic softwares for horizontal-
axis wind turbines is done. The most important commercial softwares used at the
industry or at teaching level are presented. The softwares and the methods in which
they are based are shown at the scheme of Figure 5.1.
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5.2.1 GH Bladed
It is an integrated software package developed by Garrad Hassan and validated by
Germanischer Lloyd SE. The GH approach to the calculation of wind turbine per-
formance and loading has been developed over many years and is ﬁrmly established
as the industry standard tool for design calculations of performance and loading of
onshore and oﬀshore wind turbines [6]. As an example, the company Alstom Wind
S.L uses this software.
The model and theoretical methods incorporated in GH Bladed have been extensively
validated against monitored data from a wide range of wind turbines of many diﬀerent
sizes and conﬁgurations. It is intended for preliminary wind turbine design, detailed
design and components speciﬁcation and certiﬁcation of wind turbines. Two major
extensions of the BEM theory are provided as options in the code to deal with
aerodynaimcs' unsteady nature. The ﬁrst of these extensions allows a treatment of
the dynamics of the wake and the second provides a representation of dynamic stall
through the use of a stall hysteresis model. For more information about this software
see [6].
5.2.2 AeroDyn
AeroDyn, developed by David J. Laino, is a series of routines written to perform the
aerodynamic calculations for aeroelastic simulations of HAWT conﬁgurations. Cur-
rently, the routines of AeroDyn interface with several aeroelastic simulation codes,
such as YawDyn, FAST, SymDyn, and ADAMS. The diﬀerences between these codes
lie mainly in the structural dynamics, and since each of them uses AeroDyn, the aero-
dynamic calculations between them are identical. When called from the aeroelastic
simulation routines, AeroDyn calculates the aerodynamic lift, drag, and pitching mo-
ment of airfoil sections along the wind turbine blades. It does this by ﬁrst breaking
each blade into a number of segments along the span, as speciﬁed by an AeroDyn
input ﬁle. AeroDyn concurrently gathers information about the turbine geometry,
operating condition, blade-element velocity and location, and wind inﬂow from input
ﬁles and the aeroelastic simulation program. It then uses this information to calcu-
late the various forces for each segment, which are used by the aeroelastic simulation
program to calculate the distributed forces on the turbine blades.
The AirfoilPrep (by Dr. Craig Hansen) preprocessor is available to create the input
ﬁles for the aerodynamics tables in AeroDyn. TurbSim (by Neil Kelly and Bonnie
Jonkman) is also available to create full-ﬁeld turbulence to use in AeroDyn [7]. Winds
and the AeroDyn calculations are all limited to time domain calculations. Typically,
AeroDyn is called by the aeroelastic simulator at each time step to calculate the
21 Daniel Sánchez Muñoz
Chapter 5. State of the art
changing aerodynamic forces. The complete AeroDyn theoretical explanation can be
found at [8].
5.2.3 FLEX5
FLEX5 is an integrated software to perform the aerodynamic calculations of HAWT.
It is developed by Denmarks Tekniske Universitet (DTU) and is mainly used in the
Danish industry. Germanischer Lloyd SE also validated FLEX for the calculation of
wind turbine loads for design and certiﬁcation. It is similar to the software Bladed,
but the licensees are provided with the source code and allows to adapt the code to
individual needs.
5.2.4 FOCUS6
FOCUS6 is an integrated software suite to design wind turbines and components,
like rotor blades. It provides a consistent user interface that integrates a number of
wind turbine design tools and automatically manages the data and calculations.
Aeroelasticity I is a dedicated module for the aeroelasticity pre-design of rotor blades.
With this module the aeroelastic performance of rotor blades can be determined
without the need of a full turbine model or a detailed blade design. It computes
quasy-steady rotor characteristics, quasy-steady rotor loads and eigenmodes and
frequencies. There is a noise emission module to calculate the sound power level of
the wind turbine blades. Then, with the Aeroelasticity II module the calculation
of combined aerodynamic and structural dynamic behavior of a wind turbine in the
time domain is available, based on the BEM theory.
These modules are the ones of interest for this project, the other modules are for
structural computations. For more information about the program and all the mod-
ules see [9].
5.2.5 Qblade
Qblade is an open source wind turbine computation software distributed under the
GPL and developed by the wind energy research group of Hermann Föttinger In-
stitute of TU Berlin. It is a BEM code integrated into XFOIL, an airfoil design
and analysis tool. This integration allows the user to rapidly design custom airfoils
and compute their polars and directly integrate them into a wind turbine rotor-
simulation.
It is integrated in to the main XFLR5 code in form of an additional module. The
blade can be optimized in terms of chord and twist for various wind turbine conﬁg-
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urations and operational regimes. This software is specially adequate for teaching.
The complete information about this software can be found at [10].
5.2.6 AWSM
The code Aerodynamic Windturbine Simulation Module, has been developed at En-
ergy research Centre of the Netherlands by van Garrel. The main scope of these
code was to keep the advantages of BEM codes in terms of calculation time and ease
of use, but to obtain a superior quality, especially concerning wake and dependent
wake-related phenomena. It is based on generalized lifting line theory in combination
with a free vortex wake method. In AWSM, the eﬀects of viscosity are taken into
account through the user-supplied nonlinear relationship between local ﬂow direction
and local lift, drag and pitching moment coeﬃcients. As an example of the capacity
of this software, the simulated helical vortex wake roll-up aft view of the can be seen
at Figure 5.5.
Despite the fact that the formulation used is more complex than the original one from
Prandtl, there are several advantages. First of all, the shape of the lifting line can be
very general and also multi-body conﬁgurations can be investigated. Then, because
the iterative scheme is time dependent, changes in the shape of the geometries can be
prescribed, which allows to do aeroelastic studies. Furthermore, analysis in presence
of ﬂow misalignment can be considered, as well as non uniform incoming wind (wind
shear) or time dependent velocity. Detailed information about this software is shown
at (van Garrel, [29]).
5.3 Aerodynamic Analysis of Horizontal Axis Wind Tur-
bines based on Lifting line method
This section presents a chronological review of the most relevant lifting line based
methods applied to the study of wind turbine aerodynamics of the past ﬁfteen years.
It goes from the review of the research article made by Dumitrescu and Cardo³ in
1998 and ﬁnishes with the one made by Bottasso, Stefano and Iriarte at the beginning
of this year. The Table 5.1 shows a chronological summary of the review.
Dumitrescu and Cardo³ (1998, [15]) developed a steady-state method for the analysis
of unsteady wind turbine aerodynamics. In this method, the turbine blades are
replaced by lifting lines and trailing vortices which shed along the blade span. Here,
the previous methods for modelling the rotor wake, the Prescribed Wake (PWM)
and the Free Wake (FWM), are compared. In PWM, the geometry of the wake is
known a priori, which implies that the velocity ﬁeld, or rather an approximation to it,
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Author Year Title
Dumitresct and Cardo³ 1998
Wind Turbine Aerodynamic Performance by
Lifting Line Method
Dumitresct and Cardo³ 2001
Predictions of Unsteady HAWT Aerodynamics by
Lifting Line Theory
Braddine et al. 2005 Optimum project for horizontal axis wind turbines
Chattot 2006
Extension of a helicodial vortex model to account for blade
ﬂexibility and tower interference
Sant 2007
Improving BEM based Aerodynamic Models in Wind Turbine
Design Codes
Chattot 2007 Helicoidal vortex model for wind turbine aeroelastic simulation
Chattot 2008 Tower shadow modelization with helicodial vortex method
Chattot 2009
Eﬀects of blade tip modiﬁcations on wind turbine performence
using vortex model
Awal 2010
Aerodynamic eﬀects on wind turbine blades using the
lifting-line theory
Chatelain et al. 2011
Vortex particle-mesh methods with immersed lifting lines
applied to the Large Eddy Simulation of wind turbine wakes
Helai et al. 2011
The Circulation Distribution on the Lifting Line for a Given
Extracted Power
Said CHIKR 2011
Unsteady Loads Evaluation for a Wind Turbine Rotor using free
wake method
Grasso and van Garrel 2011
Development and Validation of Generalized Lifting Line Based
Code for tower interference
Grasso and van Garrel 2011
Near Wake Simulation of Mexico rotor in Axial and Yawed
Flow Conditions with Lifting Line Free Wake Code
Sebastian 2012
Development of a free vortex wake method code for oﬀshore
ﬂoating wind turbines
Abedi et al. 2013
Vortex Method application for Aerodynamic Loads
on rotor blades
Adil et al. 2013
Development of a non-linear numerical lifting line application for
aeroelastic analysis of HAWT
Garrido 2013
Estudio y desarrollo de un codigo basado en la teoría de línea
sustentadora para el cálculo aerodinámico de aerogeneradores
Botasso 2014 Calibration of wind turbine lifting line models from rotor loads
del Campo et al. 2014
Assessment of the Lifting Line approximation for wind turbine
blade modelling
Table 5.1: Chronological summary of lifting line HAWT applications review.
has been assumed. Once the wake geometry has been prescribed, the corresponding
induced velocity and circulation distributions along the blade can be calculated. On
the contrary, FWM assumes an initial geometry of the vortex wake and is regarded
as being composed of a large number of discrete vortex elements, and these elements
are allowed to convect in the velocity ﬁeld they create. Provided the numerical
method employed is convergent, the vortex elements will move until they take up
positions which are consistent with the velocity ﬁeld. As might be expected, the
computer requirements for such calculations are prodigious. The study presents
the wind turbine performance calculations by the lifting-line method and the wake
is modelled by the Geometrical Helical Surface Model (GHSM) and Free Helical
Vortex Model (FHVM). The results are compared with the existing numerical data
from the free-wake and prescribed wake methods. The two wake models analyzed
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seem to give the upper and lower bounds of the real results. The results obtained with
the four methods can be seen at Figure 5.3. Later on, the same authors presented
the extension of the previously developed steady-state method (2001, [16]).
Figure 5.3: Computed non-dimensional circulation distribution along the blade.
Adapted from (Dumitrescu and Cardo³, [15]).
In 2005, an eﬃcient numerical code for the optimization of the aerodynamic charac-
teristics of horizontal axis wind turbines was developed by Badreddinne et al. (2005,
[17]). It consists of an inviscid method and the wake shed along the blade is assumed
to form a helicoidal vortex sheet originating from the trailing edge. As it can be seen
in Chapter 6, this is the assumption chosen to develop this project.
Two years later, T. Sant developed new methodologies and analytical models to
investigate the aerodynamics of wind turbines in both axial and yawed conditions
(2007, [35]). Among these models is a free wake vortex code which is based on
a prescribed bound circulation distribution over the rotor blades. This free-wake
vortex model was developed and validated using the hot-ﬁlm and the tip vortex
smoke visualization data from TUDelft rotor experiments.
In (2006, [18]; 2007, [19] and 2008, [20]) Chattot implements a 3D tower interference
model in a ﬁxed-wake lifting line code. Here, the unsteady vortex method is extended
to account for blade ﬂexibility and tower interference. The aerodynamics method
is based on the Goldstein model, an extension of Prandtl Lifting Line theory to
rotating lifting elements. The Goldstein approach, treats each blade as a lifting line
generating a helicoidal vortex sheet, supporting the trailed vorticity along prescribed
helices whose pitch is determined to satisfy wake equilibrium condition. The vortex
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Figure 5.4: Visualization of the vortex structure downstream of the NREL rotor.
Reproduced from (Chattot, [18]).
structures shed by the blades can be seen in Figure 5.4. When yaw or other unsteady
eﬀects are simulated, the time dependent circulation is propagated on the base vortex
structure. This treatment is fully consistent with the Prandtl lifting line handling
of the vortex sheet. Very large values of yaw cannot be well modeled with this
approximate treatment but good results can be obtained up to 20-30 deg of yaw angle.
The results are compared with rigid blade results and experiments of the National
Renewable Energy Laboratory (NREL). Furthermore, in (2009, [21]) the same author
studies the eﬀects of blade tip modiﬁcations on wind turbine performance using this
method.
Awal (2010, [22]) studies the aerodynamic eﬀects on a wind turbine blade's tip region
using the lifting line theory. The lifting line equation is solved using two diﬀerent
approaches: the Fourier Method and the Simpliﬁcation Method. The ﬁrst method
provides an accurate solution of the equation through the use of Fourier expansions
and by assuming a speciﬁc blade geometry. The last one is basically an iterative
method with an explicit scheme.
In 2011, Chatelain et al. (2011, [23]) presented the coupling of a vortex particle-
mesh method with immersed lifting lines applied to the LES of wind turbine wakes.
The method relies on the Lagrangian discretization of the Navier-Stokes equations
in vorticity-velocity formulation. A lifting line approach models the vorticity sources
in the ﬂow.
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The same year Helai et al. presented a code to compute the circulation distribution
on the lifting line for a given extracted power (2011, [24]). Then, Said CHKIR
presented a method for calculating the ﬂow around a wind turbine rotor (2011, [25]).
This model consists of lifting vortex lines which replace the blades and a trailing free
vorticity. A free wake method is used, which consists of a Lagrangian representation
of the ﬂow ﬁeld. To solve the wake governing equation a time-marching method is
applied and the solution is obtained by a second order predictor-corrector scheme.
The method is validated with measurements by means of Particle Image Velocimetry.
But the most relevant publications of that year for this project are the ones made
by Grasso and van Garrel (2011, [26] and [27]). In the ﬁrst one, they presented
a code based on a generalized form of Prandtl's lifting line in combination with a
free wake vortex wake. The code is named Aerodynamic Wind turbine Simulation
Module (AWSM) and it was developed at the ECN. This code keeps the advantages
of BEM codes in terms of calculation time and ease of use, but obtains a superior
quality, especially concerning wake and time dependent wake-related phenomena.
The eﬀects of viscosity are taken into account through the user-supplied nonlinear
relationship between local ﬂow direction and local lift, drag and pitching moment
coeﬃcients. Then, in the second publication they performed numerical predictions
of the MEXICO rotor in axial and yawed ﬂow conditions, obtained using an AWSM
code. The accuracy of the results indicated that the AWSM code can be suitable for
near wake investigation even in yawed conditions. The helical rotor wake roll-up aft
view simulated with this module can be seen in Figure 5.5, which has been adapted
from the original project document (2003, [29]).
Sebastian, presented in 2012 a general purpose description of the Wake Induced Dy-
namic Simulator code, a lifting line theory based FWM developed at the University
of Massachusetts at Amherst for oﬀshore ﬂoating wind turbines (2012, [30]).
In 2013, Abedi et al. presented at the Europe's Premier Wind Energy Event their
study of vortex method application for aerodynamic loads on rotor blades (2013,
[32]). The blades models of panel method, lifting line and lifting surface with pre-
scribed wake model were studied. They concluded that the lifting line is a useful
model to study the wake of wind turbine because the vortex wake elements strength
is calculated based on the blade airfoil proﬁles and its computational time is less
than the panel method. However, the panel method is able to provide detailed load,
pressure and velocity distributions over the blade surface but with low accuracy be-
cause of the inviscid ﬂow assumption. Moreover, that year a non-linear numerical
lifting line based method was presented by Adil et al.. The method was examined for
the purpose of developing an aerodynamic tool to be used for aeroelastic analysis of
HAWTs, showing a general improvement by the use of non-linear lifting line method
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Figure 5.5: Helical rotor, wake roll-up aft view. Adapted from (van Garrel, [29]).
with respect to the numerical lifting line method for that purpose (2013, [34]).
To ﬁnish the relevant publications related to this project made in 2013, Víctor Gar-
rido developed a code based on the lifting line theory to predict the aerodynamic
forces and the power curve of HAWTs (2013, [33]). The developed code can simulate
cyclical transitory conditions as well as stationary ones.
At the beginning of this year, Bottasso et al. made a calibration of wind turbine
lifting line models from rotor loads (2014, [37]). The problem is formulated as a
constrained optimization of a maximum likelihood cost function that accounts for
the presence of sensor and process noise, using rotor loads as driving measurements.
Finally, del Campo et al. presented at the EWEA 2014 Annual Event an assess-
ment of the lifting line approximation for wind turbine blade modelling (March 2014
Barcelona, [36]). They compared the ﬂow ﬁeld around the blades from an inverse
lifting-line free-wake vortex approach with experimental results from SPIV and data
generated from a 3D panel free-wake vortex approach. The tested HAWT model will
be used for the validation of the code developed in these project and is described
at Section 8.3. This study conﬁrmed that the level of uncertainty in the axial and
tangential ﬂow ﬁeld predictions from a lifting-line free wake model around a rotating
HAWT blade is signiﬁcant. However, it was also concluded there still exist con-
ﬁned areas in the ﬂow domain close to a wind turbine blade at which the lifting line
method can still predict both the axial and tangential ﬂow velocities with a reliable
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degree of accuracy.
The constant eﬀorts of researchers in order to improve the lifting line method and
its applications, plus the good results obtained computing the aerodynamic loads,
indicates that this method is useful for the prediction of rotor loads of horizontal
axis wind turbines.
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Chapter 6
The Lifting-Line Theory
Obtaining an analytic solution of the integral equations which deﬁnes the three-
dimensional lifting wing problem is diﬃcult. However, it is possible to approximate
the lifting properties of a wing by a single lifting line, an approximation that will
allow a closed-form solution. This is the main concept of the Prandtl's Lifting Line
Theory, explained in Section 6.1. Despite of the considerable simpliﬁcations in this
model it captures the basic features of three-dimensional lifting ﬂows and predicts the
reduction of lift slope and the increase in induced drag with decreasing aspect ratio.
The theory of this section is reproduced from (Katz & Plotkin, [38]) and (Flandro &
McMahon, [42]).
Since Prandtl's Lifting Line Theory is focused for analytical calculus and has some
restrictions, in Section 6.2 the original theory is adapted for the numerical compu-
tation. In this model, the numerical form can be extended easily to include eﬀects
of wing sweep, dihedral, or even side slip. However, the modiﬁcations to take into
account this eﬀects will not be done in this project since it is out of the project scope
and should be done as future work.
6.1 Prandtl's Lifting-Line Theory
In the lifting line analytical model, the vorticity representing a wing is replaced by
a single ﬁnite-strength vortex extending spanwise from wing tip to wing tip. If this
analysis is to give satisfactorily accurate results, then the wing must be of relatively
large aspect ratio (AR) and the wing planform should not have a large taper or
sweep. The reason for these restrictions becomes apparent as the theory develops.
As far as the wing is to be represented by a single spanwise vortex, the resulting
theory does not apply any chordwise pressure-distribution information. However,
the theory predicts forces on the wing satisfactorily through the vortex theory of
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Figure 6.1: Far ﬁeld horseshoe model of a ﬁnite wing. Reproduced from (Katz &
Plotkin, [38]).
lift. It is assumed here that the ﬂow inviscid and incompressible. Then, the ﬂow
turbulence cannot be computed because it is a phenomenon related to the viscosity.
A proper solution for the vortex distribution must fulﬁll the Kutta condition along
the trailing edge, such that the vorticity component parallel to the trailing edge is
zero. In order to do so, the vortex line will be placed at the wing's quarter-chord
line along the span. This bound vortex (Γ(y)) is assumed to be straight and parallel
to the y axis. Since, according to Helmholtz's theorem, a vortex line cannot begin
or end in the ﬂuid, the solution must comply with
∂γx
∂x
=
∂γy
∂y
(6.1)
Where γx and γy are the strength per length vortex distribution pointing in x and y
direction respectively.
Therefore, if any change of the vortex line strength is introduced, it must be followed
by introducing a similar vorticity component in the other direction. In other words,
the vortex line does not terminate at this point but it changes direction, and its
strength remains constant. This means that the bound vortices cannot end at the
wing and must be extended behind the wind into a wake. The two trailing vortices
are termed free vortices because they are free to move and do not represent a ﬁxed
solid surface. This requirement reduces to the condition that the ﬂow velocity vector
(q) on the wake must be parallel to the wake vortices (Γwake).
q× Γwake = 0 (6.2)
The resulting U-shaped vortex system of Figure 6.1 is termed a horseshoe vortex
because of its shape. The horseshoe eventually will be closed by the starting vortex.
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It is assumed here that the ﬂow is steady and therefore the starting vortex is far
downstream and its inﬂuence can be neglected because of the 1/(distance)2 inﬂuence
(Katz & Plotkin,[38]).
A more reﬁned model of the ﬁnite wing was ﬁrst proposed by the German scientist
Ludwig Prandtl during World War I and it uses a large number of such spanwise
horseshoe vortices. The straight bound vortex Γ(y) is placed along the y axis at the
quarter chord line. The equation that deﬁnes the problem in function of the potential
velocity of the wing and the wake, Φwing and Φwake respectively, the velocity vector
module of the free-stream ﬂow Q∞ and the angle of attack α is:
∂Φwing
∂z
+
∂Φwake
∂z
+Q∞α = 0 (6.3)
That is, the sum of the normal velocity components induced by the wing (wb) and
the wake vortices (wi), plus the normal velocity component of the free-stream ﬂow,
must be zero on the wing's solid boundary:
wb + wi +Q∞α = 0 (6.4)
Where w is considered to be positive in the +z direction.
Now, a parenthesis is needed in order to deﬁne the collocation point using the Lumped
Vortex element. The lumped vortex replaces the vortex distribution of an airfoil
by a simple lifting element (Katz & Plotkin, [38]) without taking into account the
induced velocity by the wake. Since the lift of a ﬂat pate acts at the quarter chord (c)
point (the center of pressure), the concentrated vortex is placed here. If the lifting
surface is to be represented by only one vortex, then the boundary condition requiring
zero normal ﬂow at the surface can be speciﬁed at only one point too. Assuming
that this point is at a distance kc along the x axis. Considering the circulation of a
ﬂat plate Γ = picQ∞α, the boundary condition can be expressed as
−Γ
2pi [kc− (1/4)c] +Q∞α =
−picQ∞α
2pi [kc− (1/4)c] +Q∞α = 0 (6.5)
Therefore, the point at which the boundary condition needs to be speciﬁed, the
collocation point, is at three quarter chord distance from the TE, i.e. half chord
behind the lifting line.
According to the Biot-Savart law, the velocity induced by a segment dl on the vortex
line, at an arbitrary point P , is
4q = Γ
4pi
dl× r
r3
(6.6)
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Figure 6.2: Velocity induced by the segments of a typical horseshoe element. Repro-
duced from (Katz & Plotkin, [38]).
Where r is the distance between the segment center point ant the point P . Applying
this deﬁnition to the spanwise component of a typical horseshoe vortex with strength
4Γ(y0) (see Figure 6.2) the velocity component 4wb induced by the horseshoe el-
ement on the section with a chord c(y) at the collocation point located at the 3/4
chord can be estimated as (assuming a wing of large aspect ratio):
4wb = −4Γ(y0)
4pid
(cosβ1 − cosβ2) = −4Γ(y0)
4pi [c(y)/2]
[1 + 1] (6.7)
d is the perpendicular distance between the vortex line and the point P .The result
for the complete lifting line (evaluated at y) is obtained by summing the results for
all the horseshoe vortices is
wb =
−Γ(y)
2pi [c(y)/2]
(6.8)
Next, the downwash due to the wing trailing vortices must be evaluated. The
velocity induced by a single, semi-inﬁnite trailing vortex line with a strength of
4Γ = −(dΓ(y0)/dy)dy0 based on the Biot-Savart law (equation 6.6) and assuming
a large aspect ratio is:
w(y) =
4Γ(y0)
4pi
1
(y − y0) (6.9)
The length of the spanwise vortex element, (y−y0), can be seen at Figure 6.2. With
the aid of the equation 6.9 the normal velocity component induced by the trailing
vortices of the wing becomes:
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Figure 6.3: General wing two-dimensional section angles deﬁnition. Adapted from
(Flandro & McMahon, [42]).
wi =
1
4pi
b/2ˆ
−b/2
[−(dΓ(y0)/dy] dy0
y − y0 (6.10)
Assuming that the wing aspect ratio is large has allowed to treat a spanwise station
as a two-dimensional section and to transfer the boundary condition to the local
three-quarter chord. Substituting equations 6.8 and 6.10 into equation 6.4 yields
−Γ(y)
2pi[c(y)/2]
− 1
4pi
b/2ˆ
−b/2
[−(dΓ(y0)/dy] dy0
y − y0 +Q∞α = 0 (6.11)
Dividing equation 6.11 by the free-stream speed results in
−Γ(y)
pic(y)Q∞
− 1
4piQ∞
b/2ˆ
−b/2
[−(dΓ(y0)/dy] dy0
y − y0 + α = 0 (6.12)
This is the Prandtl lifting-line integro-diﬀerential equation for the spanwise load
distribution Γ(y). The equation 6.12 can be viewed as a combination of the angles
shown in 6.3.
−αeff − αi + α = 0 (6.13)
Where the induced downwash angle is
αi ≈ −wi
Q∞
(6.14)
Equation 6.13 means that in the case of the ﬁnite wing eﬀective angle of attack of
a wing section (αeff ) is smaller than the actual geometric angle of attack (α) by
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the induced downwash angle (αi), which is a result of the downwash induced by
the wake. If camber eﬀects are to be accounted for too, then the eﬀective angle is
measured from the zero-lift angle of the section, such that
αeff = α− αi − αL0 = 0 (6.15)
Where αL0 is the angle of zero lift due to the section camber. Now, the deﬁnition of
the lift coeﬃcient cl is (using the lift slope
dcl
dα )
cl(y) =
Γ(y)
(1/2)Q∞c(y)
=
dcl
dα
αeff (y) (6.16)
Substituting the equation 6.16 into the equation 6.12, considering the camber eﬀects
and wing twist β(y), a more general form of the Prandtl's lifting-line equation is
obtained.
−2Γ(y)
dcl
dα c(y)U∞
− 1
4piQ∞
b/2ˆ
−b/2
[−(dΓ(y0)/dy] dy0
y − y0 + β(y)− αL0(y) = 0 (6.17)
Finally, assuming that the geometrical quantities are known, Γ(y) becomes the un-
known in this equation.
Γ(y) =
1
2
dcl
dα
c(y)Q∞
β(y)− αL0(y)− 1
4piQ∞
b/2ˆ
−b/2
[−(dΓ(y0)/dy] dy0
y − y0
 (6.18)
Also, at the wingtips, the pressure diﬀerence must reduce to zero, i.e. Γ(y = ± b2) = 0.
Once the circulation is found, the ﬁnite-wing problem is solved and the aerodynamic
forces can be calculated. The twist is represented by the Greek symbol β only in this
section to avoid confusion between the twist and the angle of the Fourier distribution
showed in the next subsection. In the other sections, the twist is represented by θ.
6.1.1 Spanwise Circulation Distribution on an arbitrary wing
A more general solution for the spanwise circulation in equation 6.17 can be obtained
by describing the unknown distribution in terms of a trigonometric expansion. The
required transformation is
y =
b
2
cos θ (6.19)
Now, it is assumed a Fourier expansion of the bound-vortex-strength distribution as
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given by:
Γ(θ) = 2bQ∞
∞∑
n=1
An sinnθ (6.20)
where An are unknown constants and the coeﬃcient 2bU∞ is introduced for con-
venience. All therms fulﬁll the pressure diﬀerence condition at the wingtips, i.e.
Γ(0) = Γ(pi) = 0. Substituting Γ(θ) and dΓ(θ)/dy into equation 6.17 yields
−4b
dcl
dα c(θ)
∞∑
n=1
An sinnθ − 1
pi
pˆi
0
∑∞
n=1 nAn cosnθ0 dθ0
cos θ0 − cos θ + β(θ)− αL0(θ) = 0 (6.21)
Using Glauert's integral for the second term and substituting the non-dimensional
parameter κ(θ) = c(θ)/b
−4
dcl
dακ(θ)
∞∑
n=1
An sinnθ −
∞∑
n=1
nAn
sinnθ
sin θ
+ β(θ)− αL0(θ) = 0 (6.22)
Comparing this result with equation 6.17 indicates that the ﬁrst term is the eﬀective
angle of attack and the second term is the induced one.
αi(θ) =
∞∑
n=1
nAn
sinnθ
sin θ
(6.23)
Again, assuming that the geometrical quantities are known, the coeﬃcients An be-
come the unknown of the problem. Once these terms are found, the circulation is
obtained from equation 6.20 and the problem is solved. Now, the only remaining
thing is the computation of the aerodynamic loads.
6.1.2 Aerodynamic Loads
The solution of equation 6.17, or equation 6.20 introducing the An parameters from
equation 6.22, will provide the spanwise bound circulation distribution. To obtain the
aerodynamic forces, the two-dimensional Kutta-Joukowski theorem will be applied.
However, because of the wake-induced velocity, the free-stream vector will be rotated
by αi, as shown in ﬁgure 6.4. If it is assumed that the induced angle is small, then
cosαi ≈ 1 and sinαi ≈ αi.
From the Kutta-Joukowski theorem, the lift (L) per unit span is related to the
circulation by L′ = ρQ∞Γ. Thus, the total lift on the wing is obtained by integrating
the lift per unit span across the span
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Figure 6.4: Tilting of the local lift vector by the angle induced by the trailing vortices.
Adapted from (Katz & Plotkin, [38]).
L =
b/2ˆ
b/2
L′ dy = ρQ∞
b/2ˆ
−b/2
Γ(y) dy (6.24)
The wing-lift coeﬃcient CL is given by:
CL =
L
1
2ρQ
2∞S
=
2
Q∞S
b/2ˆ
−b/2
Γ(y) dy (6.25)
Where S is the wing's surface. Transforming to the angular-measure variable, θ, and
integrating:
CL =
4b
S
pˆi
0
∞∑
n=1
An sin(nθ)
b
2
sin θ dθ (6.26)
It is known that, the product [sin(nθ) sin(kθ)], when integrated between the limits pi
and 0, is zero for n 6= k and pi/2 for n = k. Applying this deﬁnition to the equation
6.26, the integral part of the equation is not zero only when n = 1. Thus, only the
ﬁrst constant A1 remains and the wing lift coeﬃcient can be expressed as:
CL = piA1AR (6.27)
Recall that the aspect ratio, AR, is the wing-planform property and AR = b2/S.
The induced drag Di, created by turning the two-dimensional lift vector by the
wake-induced ﬂow (see Figure 6.4), becomes
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Di =
b/2ˆ
b/2
L′αi(y) dy = ρQ∞
b/2ˆ
−b/2
αi(y)Γ(y) dy (6.28)
Where ρ is the air mass density and the induced angle can be calculated for a known
Γ(y) by using equations 6.10 and 6.14. Transforming to the angular-measure variable,
θ, and substituting the expression for αi the wing induced drag coeﬃcient CDican
be readily obtained:
CDi =
D
1
2ρQ
2∞S
=
2b2
S
pˆi
0
∞∑
n=1
∞∑
k=1
kAkAn sin(kθ) sin(nθ) dy (6.29)
Again, only the terms where n = k will be left. Hence
CDi =
pib2
S
∞∑
n=1
nA2n = piAR
∞∑
n=1
nA2n (6.30)
Finally, it must be taken into account that the total drag of a wing includes the
induced drag and the viscous drag (D0), as the equation 6.31 states.
D = Di +D0 (6.31)
6.2 Numerical Lifting-Line
In this section, the numerical lifting-line method is explained. In the ﬁrst part, it
is described following at the same time the formulation and a developed code for
the simulation of an elliptical wing. Then, the adaptations for the simulation of a
Horizontal Axis Wind Turbine are described at Subsection 6.2.2. The code of the
wing and HAWT developed programs can be seen at Appendix A and Appendix B
respectively.
6.2.1 Adaptation for Wing simulations
Once Prandtl's lifting line formulation has been understood, it is necessary to adapt
it for the numerical computation. The small-disturbance assumption of the precedent
section still holds for this case, and a thin lifting wing with large aspect ratio (AR > 4
) is assumed. The same boundary condition of equation 6.4 needs to be solved but,
in order to increase the ﬂexibility of the calculi, the wing is discretized in elements.
Therefore, the blade and the wake are now considered to be composed by the constant
vortex lines of each element.
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Figure 6.5: Horseshoe element
The simplest singularity element for the solution of the discretized vortex distribution
is the horseshoe element of Figure 6.5. This element consists of a straight bound
vortex segment (A-B) that models the lifting properties and of two semi-inﬁnite
trailing vortex lines that model the wake. The AB segment does not necessarily
have to be parallel to the y axis, but at the element tips the vortex is shed into
the ﬂow where it must be parallel to the streamlines so that no force will act on
the trailing vortices. In order not to violate the Helmholtz condition, these vortex
elements are viewed as the near portions of vortex rings whose starting vortices
extend far back, so that the eﬀect of this segment (C-D) is negligible.
The requirement that the far wake must be parallel to the free stream poses some
modeling diﬃculties. The very small angle of attack assumption allows the placing
of the wake on the x-y plane. However, this has not been assumed to increase the
ﬂexibility of the developed code. Therefore, the trailing wake has to be bent near
the trailing edge to meet this free wake condition. To satisfy this requirement, the
ﬁve vortex lines element showed at Figure 6.6 is adopted.
Figure 6.6: Horseshoe element without assuming very small angle of attack
In this horseshoe element, based on the results of the lumped-vortex model stated
in Section 6.1, the bound vortex is placed at the panel quarter chord line and the
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Figure 6.7: Inﬂuence of a straight vortex line segment at a point P. Adapted from
(Katz & Plotkin, [38]).
collocation point, where the boundary condition is applied, is at the center of the
panel's three-quarter chord line. Finally, the points C and D are located at a quarter
chord from the trailing edge (Katz & Plotkin, [38]). The velocity induced by this
element at an arbitrary point P (x, y, z) can be computed applying the deﬁnition
of the induced velocity by a constant-strength vortex line segment for each vortex
line of the horseshoe element. The velocity induced by a vortex line segment of
constant-strength circulation Γ can be deducted from the Biot-Savart law (equation
6.6). With the vortex segment pointing form point 1 to point 2, as shown in Figure
6.7, the velocity at an arbitrary point P can be obtained by:
q1,2 =
Γ
4pi
r1 × r2
|r1 × r2|2
r0·
(
r1
r1
− r2
r2
)
(6.32)
Where the vector r0 is the vector from point 1 to point 2, ans vectors r1 and r2
are the vectors form point P to points 1 and 2 respectively (see Figure 6.7). While
solving the equation 6.32, it must be taken into account that when the point P lies
on the vortex, the vortex solution is singular. Since this computation will be done
ﬁve times for each element, assuming that the position of the three points are known,
a routine to calculate the induced velocity is created following the next ﬁve steps:
1. Calculate the cross product of vectors r1 and r2, and its absolute value (r1×r2
and |r1 × r2|2)
2. Calculate the distance of point P to points 1 and 2. (r1 and r2)
3. Check for singular conditions. For numerical purposes, the vortex is assumed
to have a very small radius . Thus, if one of the distances r1 and r2 or the
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value of |r1 × r2|2 are smaller than , the induced velocity at point P is zero.
4. Calculate the dot product r0·r1 and r0·r2
5. Calculate the resulting induced velocity given by equation 6.32.
Assuming the small-disturbance lifting-line approach
yA = yB yC = yD xE = xF →∞ (6.33)
Then, to ensure that the inﬂuence of the vortex line beyond xE or xF is negligible,
these points are located twenty wing spans behind the wing. The velocity induced
by the ﬁve vortex segments (u, v, w) is the sum of the velocities induced by each
segment (u, v, w)k, where k denotes the vortex segment number from 1 to 5. At
this point, the trailing vortex wake-induced downwash (u, v, w)∗ is separated from
the velocity induced by the bound vortex segments and saved. This velocity will be
used for the induced-drag computations. Once again, as this computations will be
done for every element, a routine that computes the induced velocity of each segment
and then computes the induced velocity and the wake-induced downwash for each
segment is created following the next 3 steps:
1. Compute the induced velocity by each segment of the horseshoe element (u, v, w)k,
from segment EC to segment DF, i.e. clockwise direction. (points deﬁned at
Figure 6.6)
2. Calculate the induced velocity by the whole horseshoe element (u, v, w) as the
sum of the velocities induced by each segment.
3. Calculate the trailing vortex induced downwash (u, v, w)∗
However, to compute the induced velocity by the vortex segments, the points that
forms this segments must be known. Therefore, the discretization of the wing needs
to be done. It is divided into N spanwise elements and the spanwise counters i and
j will have values between 1 and N . Then, geometrical information such as the
normal vector nj and the coordinates of the collocation points and the points that
deﬁne each horseshoe element are computed. It can be done by evaluating the chord
when needed if the chord distribution is known (e.g. if an elliptical wing planform is
considered, the chord distribution is obtained as c(y) = c0
√
1−
(
y
b/2
)2
). But the
chord distribution usually do not follow an analytical formula and the chord is given
within a discrete number of points. Nevertheless, it is considered that keeping this
two input forms in the wing code will make it more useful at a teaching level. Thus,
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Figure 6.8: Wing coordinate system. Adapted from (Katz & Plotkin, [38]).
in order to apply the two possibilities and make the code more ﬂexible, the two cases
were developed in the numerical code for wing computations of Appendix A.
Now, special attention must be paid to the adopted coordinate system. Assuming
that the quarter chord line is straight and perpendicular to the x axis, as the lift-
ing line showed in Figure 6.8, the lifting line is located following the y axis. This
assumption has been taken because all the wing and blade planforms simulated in
this project accomplish this hypothesis (see the simulations of Chapter 8, where an
elliptical wing which accomplish this hypothesis, a rectangular blade and the HAWT
blade of Figure 6.9 are simulated). The only one that do not accomplish it is the
blade planform of the simulated HAWT of Section 8.3. However, the chord distri-
bution of Figure 6.9 shows that this blade planform is almost rectangular and this
hypothesis still can be applied assuming an small geometry discretization error.
Finally, the z axis is located at the left wing tip. The ﬁnal conﬁguration of the
coordinate system used can be seen at Figure 6.8.
On the one hand, the use of this coordinate system simpliﬁes the computations
because the points A and B of each horseshoe element (points deﬁned at Figure 6.6)
are located on the y axis, i.e. have zero x and z coordinate values. Besides, the
collocation point and the points C and D will have a half chord and a chord value
as x position respectively. Therefore, the input ﬁle containing the geometry of the
wing can be simpliﬁed by just giving the y position and the chord and twist values
at that point, instead of giving the position of the TE and LE points and the twist
value for every y position if the axis of Figure 6.6 would be taken. The format of the
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Figure 6.9: Twist and chord distribution along the simulated HAWT blade. Repro-
duced from (del Campo, [31]).
input ﬁles will be shown at Section 7.3.
On the other hand, it is no possible to simulate sweep nor dihedral wings. Further-
more, the simulation of winglets is also unforeseen with this coordinate system. The
simulation of this type of wings could be done with a coordinate system as the one
of Figure 6.6. Nevertheless, it is not an important restriction for this project because
the simulation of such wing or blades surfaces is not the purpose of this project. It
could be done as future work so as to increase the capabilities of the code.
With the chord and twist distributions, the points deﬁning each horseshoe element
can be calculated and then the induced velocities can be computed following the
three steps procedure deﬁned before. So, assuming the wing is divided in N equal
segments, the points deﬁning each horseshoe element are computed as follows:
Ai

x
y
z
 =

0
b
N (i− 1)
0
 (6.34)
Bi

x
y
z
 =

0
b
N i
0
 (6.35)
Ci

x
y
z
 =

c(Ai(y)) cos(θ(Ai(y)))
Ai(y)
−c(Ai(y)) sin(θ(Ai(y)))
 (6.36)
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Di(x, y, z) =

c(Bi(y)) cos(θ(Bi(y)))
Bi(y)
−c(Bi(y)) sin(θ(Bi(y)))
 (6.37)
Ei

x
y
z
 =

c(Ai(y)) cos(θ(Ai(y))) + 20b cos(α)
Ai(y)
−c(Ai(y)) sin(θ(Ai(y))) + 20b sin(α)
 (6.38)
Fi

x
y
z
 =

c(Bi(y))) cos(θ(Bi(y))) + 20b cos(α)
Bi(y)
−c(Bi(y))) sin(θ(Bi(y))) + 20b sin(α)
 (6.39)
Where Ai(y) and Bi(y) are the y coordinate value of the horseshoe i points A and B
respectively. And the collocation point cp and its normal vector (n) are calculated
with the next two equations
cpi

x
y
z
 =

c(y)
2 cos(θ(y))
b
N (i− 1) + bN 12
c(y)
2 sin(θ(y))
 (6.40)
ni = (sin(θ(y)), 0, cos(θ(y))) (6.41)
Once again, this computations will be done N times and the next 10 steps can be
followed to do it assuming that the wing do not have an analytical chord nor twist
distributions and the input ﬁle containing all the discrete points with the chord and
twist value for each y position is available.
1. Calculate the y coordinate value of the collocation point as showed in equation
6.40.
2. Interpolate the chord and twist values according to that position.
3. Compute the collocation point x and z coordinates as showed in equation 6.40.
4. Calculate A point y coordinate position (equation 6.34).
5. Repeat step 2.
6. Compute the points C and E with equations 6.36 and 6.38 respectively.
7. Calculate B point y coordinate position (equation 6.35).
8. Repeat step 2.
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Figure 6.10: Wing discretization.
9. Compute the points D and F with equations 6.37 and 6.39 respectively.
10. Is it the last element? If it is not, go to step 1.
Following this steps, the Figure 6.10 is obtained for an elliptical wing with a span
of 10 meters and a root chord of 1 meter. In this ﬁgure the points E and F are
not represented and the real wing planform is represented with the red line. All the
horseshoe elements can be seen in Figure 6.12 for an elliptical wing with a constant
twist of 2 degrees and an angle of attack of 0.82 degrees. Finally, in Figure 6.11 it is
showed a zoom of the trailing vortex on the wing and the trailing vortex EF, which
follows the free-stream direction which in this simulation is α = 4º. Though this
discretization would not give a good accuracy on the results, it is a good discretization
to show the discretization of the wing and was simulated only with this purpose. The
number of elements required to achieve a good resolution will be clariﬁed in Section
8.1.
With all the points deﬁning the horseshoe elements obtained, the induced velocity
at each collocation point can be computed. The velocity induced by the horseshoe
element j at the collocation point i due to a unit strength vortex Γ = 1 is deﬁned
as:
(u, v, w)ij (6.42)
To fulﬁll the no normal ﬂow across the wing boundary condition (equation 6.4)
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Figure 6.11: Horseshoe element zoom (θ = 2º, α = 4º)
must be speciﬁed at each of the collocation points. It can be rewritten for the ﬁrst
collocation point as:
[(u, v, w)11Γ1 + (u, v, w)12Γ2 + · · ·+ (u, v, w)1NΓN + (U∞, V∞, W∞)] ·n1 = 0
(6.43)
Then, the inﬂuence coeﬃcients are deﬁned as the dot product of the velocity induced
by the horseshoe element j at the collocation point i and the normal vector at the
collocation point ni, that is:
aij = (u, v, w)ij ·ni (6.44)
Establishing the same procedure of equation 6.43 for each of the collocation points
and applying the deﬁnition of the inﬂuence coeﬃcients (equation 6.44), results in the
discretized form of the boundary condition:
a11Γ1 + a12Γ2 + a13Γ3 + · · ·+ a1NΓN = −Q∞·n1
a21Γ1 + a22Γ2 + a23Γ3 + · · ·+ a2NΓN = −Q∞·n2
a31Γ1 + a32Γ2 + a33Γ3 + · · ·+ a3NΓN = −Q∞·n3 (6.45)
...
aN1Γ1 + aN2Γ2 + aN3Γ3 + · · ·+ aNNΓN = −Q∞·nN
And the strengths of the vortices Γj are not known at this phase. This set of N linear
algebraic equations with N unknown Γ can be solved by standard matrix solution
techniques. Concretely, in this project the Gaussian elimination method (Anton,
[40]) have been used. To compute the matrix of the inﬂuence coeﬃcients two DO
loops are used. The ﬁrst will scan the collocation points, and the inner loop will
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Figure 6.12: Wing Horseshoes elements.
scan the vortex elements for each collocation point. Moreover, the matrix of the
normal component of the wake-induced downwash is calculated at the same time so
as to save computational time. Following the same notation as in equation 6.44, this
coeﬃcients can be written as follows:
bij = (u, v, w)
∗
ij ·ni (6.46)
Where, as mentioned before, (u, v, w)∗ij is the trailing vortex wake-induced downwash.
This matrix needs to be calculated because it will be used for the induced-drag (Di)
computations (equation 6.49).
Once the problem has been solved, assuming that the induced angle of attack is small
as it was assumed in Section 6.1 (see Figure 6.4), the total lift is calculated by sum-
ming the individual element contributions obtained by using the Kutta-Joukowski
theorem.
L =
N∑
j=1
4Lj =
N∑
j=1
ρQ∞Γj4yj (6.47)
And, following the lifting-line results of equations 6.28 and 6.14, the total induced
drag can be compute as follows:
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Di =
N∑
j=1
4Dj =
N∑
j=1
−ρwindjΓj4yj (6.48)
Where the induced downwash at each collocation point is computed by summing the
velocity induced by all the trailing vortex segments. It can be summarized by the
following matrix formulation where all the RHS of the expression is known.

wind1
wind2
wind3
...
wind5

=

b11 b12 · · · b1N
b21 b22 · · · b2N
b31 b32 · · · b3N
...
...
. . .
...
bN1 bN2 · · · bNN


Γ1
Γ2
Γ3
...
ΓN

(6.49)
But the total drag is the sum of the induced (Di)drag and the viscous drag (D0)
D = Di +D0 (6.50)
Where the viscous drag is computed with the airfoil zero-lift drag coeﬃcient cd0 as:
D0 =
N∑
j=1
4D0j =
N∑
j=1
1
2
ρQ2∞cjcd04yj (6.51)
And if the wing's airfoil is not symmetric, to take into account the camber eﬀects,
the zero lift angle αL0 (see Figure 6.3) is subtracted to the twist of the section to
compute the position of the collocation points and the horseshoe points. In other
words, the total twist angle θti of the section to compute the location of the points
deﬁning the horseshoe element is
θti = θi − αL0 (6.52)
Where θi is the section twist value. Usually αL0 is negative and therefore it will
increase the total twist of the section.
Finally, following the steps deﬁned in this section, the diﬀerent routines to automatize
the computations are developed. Then, the problem is solved following the algorithm
of Figure 6.13.
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Read and save the input files
Compute the position of all the points defining the
horseshoes elements  (10 steps procedure)
Compute the RHS of the
linear system of Equation 6.45 
Compute the influence coeficients 
a and b with equations 6.44 and 6.46
Is it the last element? NO
YES
Next element
(j = j + 1)
Is it the last element?
YES
NO
Solve the system 6.45
(e.g. Gauss elimination)
Secondary computations
Lift (equation 6.47)
Total Drag (equations 6.48 and 6.51)
Next collocation point
(i = i + 1)
Calculate the induced velocity and the 
wake-induced velocity by the 
horseshoe element j at the collocation point i 
(3 steps procedure defined)
Print the results
Figure 6.13: Wing solution algorithm
Daniel Sánchez Muñoz 50
6.2. Numerical Lifting-Line
6.2.2 Adaptation for HAWTs
The basis of the numerical lifting-line for the simulation of Horizontal Axis Wind
Turbines has been formulated in the last subsection. However, since a blade is
rotating and usually have a complex geometry, some modiﬁcations are needed. The
developed code can simulate one, two and three blades HAWT, and in this subsection
the adaptation of the numerical lifting line to simulate them is detailed. It is very
important to keep in mind the basic assumptions made to adapt the lifting line to
simulate HAWTs. The following assumptions are adopted:
I A uniform stream ﬂows parallel to the rotating axis of the wind turbine and
the ﬂuid motion is in stationary state.
I Being a straight lifting surface with high aspect ratio, each blade is replaced
by a lifting line which is positioned at a quarter chord behind the LE and has
a varying circulation Γ(y) along its span.
I Any blade section is considered to work under two-dimensional ﬂow conditions,
i.e. the induced radial velocity is neglected.
I The distance between the blade quarter chord line and the rotor rotation axis
is neglected.
I Coning and elastic displacements of the blades are neglected and it is assumed
that the blades remain straight and lie in the rotational plane.
I The trailing vortices CE and DF from Figure 6.6 now are considered to move
downstream in a helical motion and the contraction of the wake is neglected.
In other words, a Prescribed Wake Method is applied.
Rotor geometry
The rotor has a radius Rrotor and contains B equally spaced blades of radius Rb
(only the lifting section). All the blades are identical and the chord (c), set up pitch
angle (β) along the blade are known. The distance from the center of the rotor to the
beginning of the blade lifting section rhub is known. So, the rotor radius is deﬁned by
Rrotor = Rb + rhub. This distance contains the hub diameter and, if that is the case,
the blade non-lifting section, which is usually found in some HAWT blades. Besides,
the rotational speed Ω and the free stream velocity U∞ are also known. Since no
yawed conditions nor vertical speed of the free stream will be considered, the free
stream velocity will have only one component (U∞) and will not be referred in this
section as the free stream velocity vector Q∞.
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The same coordinate system deﬁned in Figure 6.8 is used. But, as the blade have
a diﬀerent relative position to the free stream velocity, the axis will have it too.
It means that, assuming the commercial Horizontal Axis Wind Turbines angular
motion is in clockwise direction (as it can be seen at Figure 4.1), the positioning
of the coordinate system according to this motion leaves the z axis pointing to the
positive down-wind direction, the y axis through the quarter chord line as before,
and the x axis completing the right-hand system. As it was done in Section 6.2 for
the wing, the blade Rb is divided into N equal segments and the spanwise counters
i and j will have values between 1 and N . The deﬁned axis can be seen at Figure
6.16, where the blade and helical wake are discretized.
Wind
Due to the rotor angular speed, every horseshoe element will face a diﬀerent velocity
according to its radial position. According to the coordinates system deﬁned and
taking into account the mentioned hypothesis, the free stream velocity U∞ will be
always positive in z direction and the angular velocity that faces each blade section
Ωri will be positive in x direction. To sum up, the wind that each blade element will
face (windi) is deﬁned as:
windi =

Ωri
0
U∞
 (6.53)
Therefore, the RHS of the linear set of equations 6.45 is no longer the same for each
horseshoe element because of the angular speed. Thus, the linear set of equations
deﬁning the HAWT problem is:
a11Γ1 + a12Γ2 + a13Γ3 + · · ·+ a1NΓN = −wind1·n1
a21Γ1 + a22Γ2 + a23Γ3 + · · ·+ a2NΓN = −wind2·n2
a31Γ1 + a32Γ2 + a33Γ3 + · · ·+ a3NΓN = −wind3·n3 (6.54)
...
aN1Γ1 + aN2Γ2 + aN3Γ3 + · · ·+ aNNΓN = −windN ·nN
Where the inﬂuence coeﬃcients aij are deﬁned in equation 6.44 but now the veloc-
ity induced by the horseshoe (u, v, w) and the trailing vortex wake-induced velocity
(u, v, w)∗ must be computed taking into account the new horseshoe element descrip-
tion, which must be redeﬁned.
Daniel Sánchez Muñoz 52
6.2. Numerical Lifting-Line
Figure 6.14: Schematic drawing of the vortex system behind a wind turbine. Adapted
from [4]
Blade discretization and Wake
By using the same axis deﬁned in Section 6.2, the same deﬁnition of the horseshoe
element can be applied. However, due to the helical motion of the downstream vortex
structure, the vortex segments CE and DF need to be redeﬁned. Besides, the twist
now is measured according to Figure 6.15 and the z coordinates of the collocation
points, the points C and D and the normal vectors n now are positive.
Recapturing the deﬁnition made in Section 5.3, according to the Prescribed Wake
Method (PWM) or rigid wake the geometry of the wake is known a priori, which
implies that the velocity ﬁeld, or rather an approximation to it, has been assumed.
Once the wake geometry has been prescribed, the corresponding induced velocity
and circulation distributions along the blade can be calculated. The geometry of
the wake is determined by using diﬀerent kinds of assumptions, while in most of
the cases these assumptions are based on experimental evidence (Dumitrescu and
Cardo³, [15]).
Since a horizontal axis wind turbine consists of rotating blades, a vortex system
similar to the linear translating wing must exist. The vortex sheet of the free vortices
is oriented in a helical path behind the rotor (Hansen, [4]). The strong tip vortices
are located at the edge of the rotor wake and the rotor vortices lie mainly in a linear
path along the axis of the rotor, as shown in Figure 6.14. The vortex system induces
on a wind turbine an axial velocity component opposite to the direction of the wind
and a tangential velocity component opposite to the rotation of the rotor blades.
Therefore, the helical path of the vortex wake will have a rotation motion opposite
to the motion of the rotor.
Thus, it is assumed that the blade wake is a uniform helical surface whose pitch is
a constant both in the radial and helical directions. In this approach, the expansion
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of the vortex wake shown in Figure 6.14 is ignored. The trailing vortex are assumed
to move downstream at the free stream velocity U∞ while following a rotational
motion opposite to the rotation of the wind turbine rotor, i.e. anti-clockwise. So,
the trailing vortex (CE and DF vortex lines) springing from the blade will move
downstream following that movement according to its radial position.
For numerical computations, this helical vortex segments are divided into discrete
straight vortex lines. Hence, the induced velocity by the trailing vortex can be com-
puted as the sum of the induced velocity by each straight vortex segment composing
the helical vortex. Since the induced velocity by a constant strength vortex segment
can be computed with equation 6.32, the only remaining thing to know is the location
of the k points deﬁning each helical discrete vortex.
Deﬁning the angular length of each straight vortex forming the discrete helical vortex
as 4ω, the time for the wake to pass the vortex segment (tw) can be computed as.
tw = 4ω/Ω (6.55)
And the distance every 4ω segment goes downstream (the z coordinate) can be
computed as z = twU∞. The trailing vortices start their helical motion at points C
and D, so the angle of those points with respect to the y axis ψoffset must be taken
into account. If this oﬀset angle is not considered and the angular discretization of
the wake has a small4ω, the ﬁrst points of the wake would be inside the blade. With
the mathematical deﬁnition of the helix adapted to the chosen coordinate system,
and the deﬁned parameters, the position of the k points deﬁning the discrete helical
vortex of each horseshoe element (Ei and Fi) can be obtained as:
Eik

x
y
z
 =

rEi sin(Ωtwk + ψoffsetEi )
rEi cos(Ωtwk + ψoffsetEi )
U∞twk
 (6.56)
Fik

x
y
z
 =

rFi sin(Ωtwk + ψoffsetFi )
rFi cos(Ωtwk + ψoffsetFi )
U∞twk
 (6.57)
Where rEi and rFi are the distance from the center of the rotor to the E and F points
respectively. The oﬀset angles are obtained as follows
ψoffsetE = arctan
(
Ci(x)
rEi
)
(6.58)
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Figure 6.15: Blade element velocities and forces. Adapted from (Burton et al., [43])
ψoffsetF = arctan
(
Di(x)
rFi
)
(6.59)
To set the length of the helical horseshoe, similarly to the wing case, the criteria of
20 blade radius Rb backward is applied. Then, the number of points deﬁning the
helical horseshoe vortex is found when the z coordinate of one of points (Eikmax and
Fikmax) is at this position. That is:
kmax =
20Rb
U∞twk
(6.60)
And as k is an integer number from 1 to kmax, the value of kmax is rounded up to
the following integer number. So, there will be kmaxE and F points deﬁning the
discrete helical vortex wakes CE and DF. Finally, in order to take into account the
airfoil camber, the zero lift angle of attack now must be added to the pitch βi of each
section, according to the angles deﬁned at Figure 6.15. Therefore, the total pitch of
each section βTi is deﬁned with the next equation:
βTi = βi + αL0 (6.61)
Where the zero lift angle of attack is measured with the usually airfoil criteria (see
Figure 6.3), contrary to the deﬁnition shown at ﬁgure 6.15. So, as this angle usually
is negative, the set up pitch of each section is reduced and the blade produces more
lift and drag forces.
At this point, the horseshoe elements deﬁning the blade start at the center of the
rotor because the discretized section is the blade (Rb) and not the whole rotor radius
R. So, once all the points deﬁning the horseshoe elements and the collocation points
are computed, the distance from the center of the rotor to the beginning of the lifting
blade section rhub is added to the collocation points and points A, B, C and D y
coordinate. Then, the 10 steps procedure to compute the horseshoe vortex deﬁned
in Subsection 6.2.1 can be applied here replacing the span b and the twist angle θ
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with the blade radius Rb and set up pitch angle β, but with three more steps. The
computation of the points E and F which now must be computed with the equations
6.56 and 6.57 in a loop from k = 1 to kmax . Then, the 13 steps procedure to do this
computations is:
1. Calculate the y coordinate value of the collocation point as showed in equation
6.40.
2. Interpolate the chord and twist values according to that position.
3. Compute the collocation point x and z coordinates as showed in equation 6.40
with z positive.
4. Calculate A point y coordinate position (equation 6.34).
5. Repeat step 2.
6. Compute the point C with equation 6.36 with z positive.
7. Compute the point E points deﬁning the helical vortex with equation 6.56 from
k = 1 to kmax ri = A(y) + rhub.
8. Calculate B point y coordinate position (equation 6.35).
9. Repeat step 2.
10. Compute the point D with equation 6.37 with z positive.
11. Compute the point F points deﬁning the helical vortex with equation 6.56 from
k = 1 to kmax with ri = B(y) + rhub.
12. Add the hub and non-lifting blade section radius rhub to the y coordinate of
the collocation points and points A, B, C and D.
13. Is it the last element? If it is not, go to step 1.
Following this steps, the discretization of the blade shown in Figure 6.16 is done.
This picture was obtained for the blade with chord and twist distributions of 6.9
with rhub = 0.2475 [m], an angular velocity Ω = 10 [rad/s], free stream velocity
U∞ = 10 [m/s], 6 elements (N) and the helical vortex discretized every 4ω = 30º.
Though with this parameters the aerodynamic forces computed are far from being
precise (see Section 8.2), these values are used only to visualize the blade and wake
discretizations.
In Figure 6.16, it can be seen the distance rhub and all the collocation points deﬁning
the horseshoe elements. Besides, it shows that the angular motion of the wake is
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Figure 6.16: Blade and helical wake discretization
opposite to the angular motion of the rotor blade (the lifting line formed by the
points AB can be seen as the leading edge of the blade in that ﬁgure).
To take into account the eﬀect of the vortex lines deﬁning the other blades and their
wakes, the points deﬁning their helical horseshoe elements are needed. The developed
code can compute one, two or three blades. Though the validation will be done with
a two blades rotor, the three blades HAWT is programmed too because it is the most
common commercial type of wind turbine. As mentioned at the beginning of this
subsection, it is assumed that the lifting line deﬁned at the quarter chord line passes
through the center of the rotor. With the deﬁned axis, a rotation about the z axis is
needed to compute the points deﬁning the helical horseshoes segments of the other
blades. If it is a two blade HAWT, the points of the ﬁrst blade will be deﬁned with
the 13 steps procedure deﬁned and then, rotating the points A, B, C, D, E and F
180 degrees about the z axis, the points deﬁning the horseshoes of the second blade
are obtained (see Figure 6.17, obtained with the same conﬁguration as Figure 6.16
but for 2 blades). The rotation matrix to do this rotation is:
ROT180º =

−1 0 0
0 −1 0
0 0 1
 (6.62)
Then, multiplying the matrix that contains the pointsAi of all the horseshoe elements
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Figure 6.17: Blade and helical wake discretization with two blades
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i by this rotation matrix, the points Ai2 of the second blade horseshoe elements are
obtained. The points B, C and D of the second blade are computed with the same
procedure. Points E and F are computed with the same procedure but this matrix
multiplication must be done kmax times. This multiplications can be seen at the
developed code in Appendix B.
If the HAWT is composed by three blades, then two rotations are needed. A rotation
of 120 degrees around the z axis and another one of 240 degrees. The matrices to do
this rotations are:
ROT120º =

cos(120pi180 ) − sin(120pi180 ) 0
sin(120pi180 ) cos(
120pi
180 ) 0
0 0 1
 (6.63)
ROT240º =

cos(240pi180 ) − sin(240pi180 ) 0
sin(240pi180 ) cos(
240pi
180 ) 0
0 0 1
 (6.64)
Then, once all the points deﬁning the horseshoes elements of the three blades and
the collocation points of the blade that is being computed, the induced velocities
by all the vortex horseshoes elements can be obtained following the same ﬁve steps
procedure deﬁned in subsection 6.2.1 but taking into account the horseshoes elements
of the other blades. Therefore, the inﬂuence coeﬃcients aij and bij can be computed.
Once all this computations are done, the linear system of equations shown at equation
6.54 is deﬁned. The chosen method is Gauss elimination (Anton, [40]). Then, when
the bound circulation distribution is obtained, the computation of the lift and drag
can be done with equations 6.47, 6.48 and 6.50. But the forces of interest in a HAWT
are the tangential (Ft) and normal (or Thrust T ) forces to the rotor plane. As shown
in Figure 6.15, this forces can be computed as follows.
Ft =
N∑
j=1
Ftj =
N∑
j=1
Lj sin(φj)−Dj cos(φj) (6.65)
T =
N∑
j=1
Tj =
N∑
j=1
Lj cos(φj) +Dj sin(φj) (6.66)
Where j is the collocation point from j = 1 to N and φ is the incidence angle of the
velocity, obtained by the next equation:
φj = arctan(
U∞
Ωrj
) (6.67)
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Finally, following the formulation given in this subsection, the algorithm to develop
the HAWT code is showed in Figure 6.18.
Read and save the input files
Compute the position of all the points defining the
horseshoes elements  (13 steps procedure)
Compute the RHS of the
linear system of Equation 6.54 
Compute the influence coeficients 
a and b with equations 6.44 and 6.46
Is it the last element? NO
YES
Next element
(j = j + 1)
Is it the last element?
YES
NO
Solve the system 6.54
(e.g. Gauss elimination)
Secondary computations
Lift (equation 6.47)
Total Drag (equations 6.48 and 6.51)
Normal Force (equation 6.66)
Tangential Force (equation 6.65)
Next collocation point
(i = i + 1)
Calculate the induced velocity and the 
wake-induced velocity by the 
horseshoe element j at the collocation point i 
(3 steps procedure defined)
Print the results
Compute the horsesheo
elements of the other blades
(If blades > 1)
Figure 6.18: HAWT solution algorithm.
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Software description
In this chapter, a broad outline of the two developed softwares, the code to simulate
a HAWT and the one to simulate a wing, is given. First, the election of the pro-
gramming code and the compilator used are detailed in Section 7.1. Then in Section
7.2 the softwares components into which each program is subdivided are described
and their interdependence is clariﬁed. Finally, in Section 7.3 the format of the input
and output ﬁles so as to do a correct usage of the codes are deﬁned. An example of
each one is given in that section.
It should be noted that no attempt is made to be complete in the description of
the softwares, which subroutines are based in the formulation and the algorithms
given in subsection 6.2.2 for the HAWT software and in subsection 6.2.1 for the
wing software. The complete wing and HAWT codes are shown in Appendix A and
Appendix B respectively.
7.1 Language
FORTRAN f90 is the programming language used. This language was chosen ac-
cording to the problem to solve. The other options were C++ and MATLAB, but
FORTRAN f90 was the chosen one due to its characteristics.
FORTRAN, derived from IBMMathematical FormulaTranslating System, has been
a language for scientiﬁc and numerical tasks from day one and has had the complex
data type as a primitive (built-in) type since early in its history. It has a strong
presence in Computational Physics and Chemistry in areas including climate mod-
elling, ﬂuid dynamics and molecular dynamics. Far from being a dead language, new
code is being written and new compiler speciﬁcations are being drafted for the next
generation FORTRAN.
C++ is the object-oriented ﬂavor of C and is geared more towards application de-
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velopment. It was designed for functionality more than error prevention and is not
really good for scientiﬁc programming. It does not have as much intrinsic support
for numerical or scientiﬁc computing as FORTRAN but, via libraries, all the same
support can be attained.
MATLAB (Matrix Laboratory) was originally a simple language for matrix arith-
metic and now can do most of the numerical scientiﬁc calculations. It is heavily
used because it is a very easy language. However, MATLAB uses a combination of
line-by-line interpretation and just-in-time compilation of the code. This means that
a MATLAB program will run much slower than an equivalent FORTRAN or even
C++ program in all but the most trivial cases. This ineﬃciency aside it has built-in
support for plotting data which makes it very useful in either quickly examining
data or running visualizing small scale cases of algorithms. The main advantage of
MATLAB is its graphics production and graphical user interface.
Each language has the ability to perform the same set of high level tasks. A com-
putational ﬂuid dynamics code can be written in any of the languages, the main
diﬀerence will be the resulting run times. Comparing the three programing lan-
guages, FORTRAN has by far the best speciﬁcations for numerical computation. It
excels at array processing and for most array-based programs is the fastest. It is
the best option if high eﬃciency is needed, for matrix computations, do wide loops
and is much more optimisable than C++ and MATLAB. Besides, in Table 7.1 the
comparison between the three programs evaluating diﬀerent features is done. For
each feature, the best program receives 1 point, the second 2 points and the worst 3
points. The data are taken from (Maclaren, 7.1). So, according to this punctuation
and its advantages, the best programming language for the purpose of this project
is FORTRAN, concretely the version f90 is used in this project. Finally, MATLAB
has a better graphical interface than FORTRAN and that is reason why MATLAB
will be used to print the results of the developed FORTRAN codes.
The choice of the version f90 was mainly suggested by its long history in technical
environments and the maturity of optimizing compilers. Furthermore, it is widely
used and was improved with respect to the previous versions. The most important
features of this version are the dynamic memory allocation and the deﬁnition of
modules, which are a collection of entities that can be made available to one or more
other subroutines. The dynamic memory allocation is a property very useful to
automatically dimension the arrays according to the parameters of the problem.
Intel Visual FORTRAN Composer XE 2013 within Microsoft Visual Studio inte-
grated development environment has been used to develop the FORTRAN f90 codes.
Microsoft Visual Studio 2012 is an integrated development environment from Mi-
crosoft. Microsoft Visual Studio 2012 used to edit, build, run and debug applications,
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Property FORTRAN C++ MATLAB
Ease of use 2 3 1
Debuggability 2 3 1
Portability 1 3 2
Software engineering 1 2 3
Performance 1 1 3
Parallelism 1 2 3
Array handling 1 3 2
Text handling 2 1 3
Computer science 2 1 3
System interfaces 2 1 3
TOTAL 15 20 24
Table 7.1: FORTRAN, MATLAB and C++ programing languages comparison.
Based in (Maclaren, [39]).
as well as facilitating the development process. Using the Intel Visual FORTRAN
Composer XE allows these features to be used with FORTRAN programs and pro-
vides an optimizing FORTRAN compiler, high performance libraries, and advanced
vectorization, speeding and simplifying threading and performance. In case of error,
the compiler gives a message with its description which may help to solve the error.
In addition, the code editor uses diﬀerent colors to identify the source comments
(green), the FORTRAN standard language elements (blue) and other language text
(black). This feature is quite helpful to understand the structure of the code and
makes easier its review.
7.2 Structure of the developed codes
The objective of this subsection is to describe the subroutines into which each pro-
gram are subdivided and clarify their interdependence.
First of all, the concept of subroutine must be clariﬁed. Functions and subroutines
are FORTRAN's subprograms. The purpose of a function is to receive some input,
do some computations, and return the result with the name of the function. A
FORTRAN 90 subroutine takes values from its formal arguments, and returns some
computed results with its formal arguments. It does not return any value with its
name and can be used to return several values through its arguments. It is important
to remark that, when declaring variables inside functions and subroutines that need
to be passed in or out, the statement intent() gives a hint to the compiler to enable
optimization. Besides, it prevents the diﬀerent type declaration of a parameter in
the main program and inside the subroutines. It has three possible declarations:
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I intent(in) : Speciﬁes that the dummy argument will be used only to provide
data to the procedure. The dummy argument must not be redeﬁned (or become
undeﬁned) during execution of the procedure.
I intent(out) : Speciﬁes that the dummy argument will be used to pass data
from the procedure back to the calling program. The dummy argument is
undeﬁned on entry and must be deﬁned before it is referenced in the procedure.
I intent(inout) : Speciﬁes that the dummy argument can both provide data to
the procedure and return data to the calling program.
Furthermore, it is important to mention that placing the statement implicit none
at the beginning of each program or subroutine forces to declare all variables, i.e.
specify if it is an integer, character, real, complex or a logical data type.
Although this section does not intend to do a complete description of the developed
softwares, it is important to know these deﬁnitions to understand the next choices
for coding and code layout used in this project to increase the code readability and
maintainability:
I Use lower case words as default.
I Code indentation with a space.
I Use implicit none in each subroutine and in the main program.
I Use of intent (in), intent (out) or intent (inout) for dummy subroutine pa-
rameter declarations.
I Coding clarity.
I Use inline comments short and simple.
I Use meaningful variable names.
I Use empty lines and comments to separate logical program blocks from each
other.
Following this statements and the formulation deﬁned in Chapter 6 for the numerical
lifting line computation of a wing and a Horizontal Axis Wind Turbine, the main
programs and the required subroutines to do this computations have been developed
following the guidelines and formulation given for each problem.
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Name Ref. Uses Used by
Main program lifting_line_wing_code 1 2, 3, (4,) -
6, 8, 9, 10
Subroutines read_input 2 - 1
discretization_gridgen_elip 3 - 1
discretization_gridgen_txt 4 4 1
linear_interpol 5 - 4
hshoe 6 7 1
vortexl 7 - 7
gauss_perm 8 - 1
secondary_computations 9 - 1
write_outputs 10 - 1
Table 7.2: lifting_line_wing_code subroutines dependencies
7.2.1 Wing code structure
In this subsection, a short description of the lifting_line_wing_code main program
and subroutines is given. Moreover, their interdependence is clariﬁed in Table 7.2.
The complete FORTRAN 90 code can be found at Appendix A.
lifting_line_wing_code It is the main program of the developed code to compute
the aerodynamics of a wing based on the numerical adaptation of Prandtl's
Lifting Line theory explained in subsection 6.2.1.
The main part of the code is called lifting_line_wing_code and basically follows the
algorithm of Figure 6.13. In order to do it, it uses (call) the diﬀerent subroutines,
which are deﬁned as follows:
read_input The function of this subroutine is to read the diﬀerent input ﬁles. It
is the ﬁrst subroutine used (called) before the variables declaration and, once
called, the diﬀerent dynamic memory arrays can be sized.
discretization_gridgen_elip It is the subroutine in charge of deﬁning all the
horseshoes elements and normal vectors when an analytical distribution of the
chord and twist are given. So, this subroutine computes the points A, B, C,
D, E, F, CP and the normal vector ni.
discretization_gridgen_txt This subroutine deﬁnes all the horseshoes elements
using the value of the chord and twist according to the y coordinate obtained
through linear interpolation with the subroutine linear_interpol. It is done fol-
lowing the 10 steps procedure to compute the points of the horseshoe elements,
the collocation points and the normal vectors ni deﬁned in subsection 6.2.1.
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linear_interpol Given two known points and the point where the new value is
needed, this subroutine returns the approximate value at the requested point
through linear interpolation.
hshoe This subroutine computes the horseshoe induced velocity (u, v, w)ij and the
vortex wake-induced downwash (u, v, w)ij∗ at a given collocation point (i span-
wise counter) for a given horseshoe element (j spanwise counter). To compute
the induced velocity by each horseshoe vortex line segment at the given collo-
cation point, the subroutine vortexl is used.
vortexl Given two points deﬁning a straight constant-strength vortex line, this sub-
routine calculates the induced velocity of this vortex segment at a given point.
This subroutine is computed following the 5 steps procedure deﬁned at subsec-
tion 6.2.1.
gauss_perm It is the subroutine in charge of solving the linear system of equations
deﬁning the problem (equation 6.45). For a given matrix, the independent
terms and the vector of unknowns, this subroutine calculates the solution vector
with Gauss elimination method (see Anton, [40]) and returns it saved in the
independent terms vector input.
secondary_computations Once obtained the bound vortex distribution, the sec-
ondary computations such as the lift and drag calculations can be done. This
is the purpose of this subroutine, where applying the equations 6.47, 6.49 and
6.48 this secondary computations are done.
write_outputs Finally, when all the results have been computed, this subrou-
tine writes the output ﬁles. Concretely, it creates three output ﬁles: out-
put_ﬁle_geometry_wing.txt, output_ﬁle_forces_wing.txt and output_angles_
forces_ wing.txt. The format and contents of this ﬁles are detailed at subsection
7.4.1.
7.2.2 HAWT code structure
Now, a short description of the lifting_line_HAWT_code main program and sub-
routines is given. Their interdependence is clariﬁed in Table 7.3. The complete
FORTRAN 90 code can be found at Appendix B. The subroutines that are the same
than in the lifting_line_wing_code (linear_interpol, vortexl and gauss_perm) are
not described here. There are two new subroutines called wind and calc_blades. The
other subroutines are basically the same as described for the wing code but with the
required modiﬁcations stated at subsection 6.2.2 to simulate a horizontal axis wind
turbine.
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Name Ref. Uses Used by
Main 2,3,5
program lifting_line_HAWT_code 1 6,7,9 -
10, 11
Subroutines read_input_HAWT 2 - 1
discretization_gridgen_txt_HAWT 3 4 1
linear_interpol 4 - 3
calc_blades 5 - 1
wind 6 - 1
hshoe_HAWT 7 8 1
vortexl 8 - 7
gauss_perm 9 - 1
secondary_computations_HAWT 10 - 1
write_outputs_HAWT 11 - 1
Table 7.3: lifting_line_HAWT_code subroutines dependencies
lifting_line_HAWT_code It is the main program of the developed code to com-
pute the aerodynamics of a Horizontal Axis Wind Turbine based on the nu-
merical adaptation of Prandtl's Lifting Line theory explained in subsection
6.2.2.
The main part of the code is called lifting_line_HAWT_code and basically follows
the algorithm of Figure 6.18. In order to do so, it uses (call) the diﬀerent subroutines,
which are deﬁned as follows:
read_input_HAWT The function of this subroutine is to read the diﬀerent input
ﬁles. It is the ﬁrst subroutine used (called) before the variables declaration and,
once called, the diﬀerent dynamic memory arrays can be sized.
discretization_gridgen_txt_HAWT This subroutine deﬁnes all the horseshoes
elements using the value of the chord and set up pitch (or twist) according to
the y coordinate obtained through linear interpolation with the subroutine
linear_interpol. It is done following the 13 steps procedure to compute the
points of the horseshoe elements, the collocation points and the normal vectors
ni deﬁned in subsection 6.2.2.
wind This subroutine computes the velocity that faces each blade element. It is
done with equation 6.53.
calc_blades If the number of blades is 2 or 3, this subroutine rotates the points
deﬁning the horseshoe elements of the computed blade once or twice, depending
on the number of blades. It is done with the rotation matrices showed at
subsection 6.2.2. If the number of blades is greater than 3, this subroutine
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gives an error message and stops the simulation. The collocation points are
not rotated.
hshoe_HAWT This subroutine computes the horseshoe induced velocity (u, v, w)ij
and the vortex wake-induced downwash (u, v, w)ij∗ at a given collocation point
(i spanwise counter) for a given horseshoe element (j spanwise counter) . If
there are more than one blade, the same procedure is done but computing
the induced velocity by the other blade's horseshoe elements at the collocation
points of the simulated blade. To compute the induced velocity by each horse-
shoe vortex line segment at the given collocation point, the subroutine vortexl
is used.
secondary_computations_HAWT Once obtained the bound vortex distribu-
tion, the computation of the lift, drag, normal force and tangential force can
be done. This is the purpose of this subroutine, where applying the equations
6.47, 6.49, 6.48, 6.65 and 6.66, these secondary computations are computed.
write_outputs_HAWT Finally, when all the results have been computed, this
subroutine writes the output ﬁles. Concretely, it creates three output ﬁles: out-
put_ﬁle_geometry_HAWT.txt, output_ﬁle_forces_HAWT.txt and output_ﬁle
_angles_HAWT.txt. The format and contents of this ﬁles are detailed at sub-
section 7.4.2.
Finally, the subroutine system_clock is used to calculate the total computational
time but it is not explained here because it is an intern FORTRAN subroutine.
7.3 Input ﬁles
In this section, the format and contents of the input ﬁles are explained so as to do
a correct usage of the codes. All the input ﬁles used are .txt format and an example
of each one is given here. The general formatting rules for all the input ﬁles used by
this codes is:
I Lines starting with an exclamation mark (!) are comment lines and are com-
pletely disregarded.
I Empty lines are considered comment lines.
I Trailing comments to specify the variable name and its units.
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7.3.1 Wing code input ﬁles
The input ﬁles needed for the use of the wing code are two: input_data_geometry_
wing.txt and input_data_conditions_wing.txt.
In the geometry ﬁle (input_data_geometry_wing.txt), the ﬁrst line indicates the
number of nodes (points) that compose the discrete wing geometry. Then, four
columns of values are given: The ﬁrst one contains the node number, the second is
the y coordinate, the third is the chord value and ﬁnally the fourth column contains
the twist value. Of course, the chord and twist values are the values according to
the y coordinate of the node and given in SI units. An example of an input ﬁle
containing the geometry of an elliptical wing of ten meters of span and a root chord
of one meter, could be like the next one.
21 ! Number o f nodes
! Nodes y [m] chord [m] t w i s t [ rad ]
1 0 .00 0.000000 0.034906585
2 0 .50 0.435890 0.034906585
3 1 .00 0.600000 0.034906585
4 1 .50 0.714143 0.034906585
5 2 .00 0.800000 0.034906585
6 2 .50 0.866025 0.034906585
7 3 .00 0.916515 0.034906585
8 3 .50 0.953939 0.034906585
9 4 .00 0.979796 0.034906585
10 4 .50 0.994987 0.034906585
11 5 .00 1.000000 0.034906585
12 5 .50 0.994987 0.034906585
13 6 .00 0.979796 0.034906585
14 6 .50 0.953939 0.034906585
15 7 .00 0.916515 0.034906585
16 7 .50 0.866025 0.034906585
17 8 .00 0.800000 0.034906585
18 8 .50 0.714143 0.034906585
19 9 .00 0.600000 0.034906585
20 9 .50 0.435890 0.034906585
21 10 .0 0 .000000 0.034906585
Finally, the conditions ﬁle (input_data_conditions_wing.txt) of the wing contains
the simulation conditions and two parameters of the wing's airfoil. It is composed
by 7 lines and the content of each one is:
1. Number of elements in which the wing is going to be discretized.
2. Density [kg/m3]
3. x component of the free-stream velocity [m/s]
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4. y component of the free-stream velocity [m/s]
5. z component of the free-stream velocity [m/s]
6. Airfoil zero lift angle of attack αL0 [rad]
7. Airfoil drag coeﬃcient at zero lift Cd0 .
And an example of this input ﬁle with the data of the airfoil NACA 0012 could be:
100 ! Number o f e lements
1 .225 ! Densi ty [ kg/m^3]
7 .0 ! Free−stream speed X | | u in f (1)
0 .0 ! Free−stream speed Y | | u in f (2)
0 .1 ! Free−stream speed Z | | u in f (3)
0 .00 ! A i r f o i l (NACA 0012) a lpha zero l i f t [ rad ]
0 .0054 ! A i r f o i l cd_0 (NACA 0012)
7.3.2 HAWT code input ﬁles
The input ﬁles needed for the use of the HAWT code are two: input_data_geometry_
HAWT.txt and input_data_conditions_HAWT.txt.
In the geometry ﬁle (input_data_geometry_HAWT.txt), the ﬁrst line indicates the
number of nodes (points) that compose the discrete blade geometry. Then, as in
the input ﬁle of the wing, four columns of values are given: The ﬁrst one contains
the node number, the second is the y coordinate, the third is the chord value and
ﬁnally the fourth column contains the set up pitch value. Of course, the chord and
twist values are the values according to the y coordinate of the node and given
in SI units. It is very important to start the y coordinate of the nodes at 0 and
then introduce the real radius of the ﬁrst lifting section of the blade as rhub in
the input_data_condition_HAWT.txt ﬁle. The code has been developed with this
input ﬁle format and an incorrect input ﬁle will make the results useless or even
a compilation error. As an example, the input ﬁle of the blade of lifting radius
0.7525 [m] and a total radius of 1 [m] (rhub = 0.2475) that will be studied at Section
8.3 is written as follows.
19 ! Number o f nodes
! Nodes y chord p i t c h
1 0 .00 0 .1250 0.233541757
2 0 .04 0 .1235 0.211730562
3 0 .08 0 .1220 0.1896716
4 0 .12 0 .1205 0.168678119
5 0 .16 0 .1190 0.149275384
6 0 .20 0 .1175 0.131600971
Daniel Sánchez Muñoz 70
7.3. Input ﬁles
7 0 .24 0 .1160 0.1156097
8 0 .28 0 .1145 0.10117744
9 0 .32 0 .1130 0.088152894
10 0 .36 0 .1115 0.076382694
11 0 .40 0 .1100 0.065722834
12 0 .44 0 .1085 0.056043164
13 0 .48 0 .1070 0.047228442
14 0 .52 0 .1055 0.039177764
15 0 .56 0 .1040 0.031803279
16 0 .60 0 .1025 0.025028699
17 0 .64 0 .1010 0.018787803
18 0 .68 0 .0995 0.013023061
19 0 .7525 0 .098 0.003630173
The conditions ﬁle (input_data_conditions_HAWT.txt) of the wing contains the
simulation conditions (elements, wind, angular speed), the number of blades and
two parameters of the wing's airfoil: the zero lift angle of attack αL0 and the zero-
lift drag coeﬃcient Cd0 . It is composed by 9 lines and content of each one is:
1. Number of elements in which the blade is going to be discretized.
2. Density [kg/m3]
3. Number of blades (1, 2 or 3)
4. Free stream velocity U∞ [m/s]
5. Angular velocity Ω [rad/s]
6. The angle between two points of the helical vortex wake 4ω [rad]
7. Airfoil zero lift angle of attack αL0[rad]
8. Airfoil drag coeﬃcient at zero lift Cd0 .
9. Distance from the center of the rotor to the beginning of the blade lifting
section rhub [m]
As example, the geometry ﬁle for the airfoil DU96-W180 is given in the next box.
100 ! Number of elements
1.225 ! Density [kg/m^3]
2 ! number of blades
6.0 ! U inf (free stream velocity)
41.88790205 ! Omega [rad/s] -> 400 rpm
0.174532925 ! deltaw [rad] -> 10º
-0.0436332 ! Airfoil alpha zero lift [rad]
0.0075 ! Airfoil cd_0
0.2475 ! Offset radius= hub+nonlifting blade section
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7.4 Output ﬁles
The purpose of this section is to indicate the results that can be found in the diﬀerent
output ﬁles created. Furthermore, the diﬀerences between the output ﬁles created
by the wing code and the HAWT code are mentioned. The outputs created have
been made to satisfy the needs of this project.
The created output ﬁles are text ﬁles. The ﬁles are created in FORTRAN 90 re-
place mode, which means that it will overwrite ﬁles that have the same name. If
the ﬁle do not exist, it will be created. All the output ﬁles are in SI units and created
by the subroutine in charge of this task and are basically three:
I Geometry text ﬁle.
I Forces text ﬁle.
I Angles text ﬁle.
Since the computations of each code are diﬀerent, the output ﬁles will slightly change
depending on the code used.
7.4.1 Wing code output ﬁles
As mentioned, there are three diﬀerent output ﬁles which in this software are named:
output_data_geometry_wing.txt, output_data_forces_wing.txt and output_data_
angles_wing.txt. An example of each one for an elliptical wing of 10 meters of span,
1 meter of root chord, a constant twist of 4 degrees, discretized in 5 elements and
for a wind like the showed in the example of input conditions ﬁle is given. Once
again, it must be take into account that this discretization is done only to avoid long
example ﬁles.
The geometry ﬁle contains all the points deﬁning the collocation points of the horse-
shoe elements and the points deﬁning its vortex lines (A, B, C, D, E and F) in that
order. It is structured in columns. The ﬁrst column shows the x coordinate, the
second shows the y coordinate and the third column contains the z coordinate of
the points. There is a title to indicate the point whose coordinates are showed and
each line is ﬁnished with a semicolon (;) to make easier the MATLAB plotting. This
output ﬁle for the mentioned conditions would be like the next one.
***** OUTPUT DATA LIFTING LINE PROGRAM (Wing): GEOMETRY *****
# Collocation point
0.299817248106146 1.00000000000000 -1.046984899879160E-002 ;
0.457978341913341 3.00000000000000 -1.599295609187914E-002 ;
0.499695413510244 5.00000000000000 -1.744974833131934E-002 ;
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0.457978341913341 7.00000000000000 -1.599295609187914E-002 ;
0.299817248106146 9.00000000000000 -1.046984899879160E-002 ;
# horseshoe A
0.000000000000000E+000 0.00000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 2.00000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 4.00000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 6.00000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 8.00000000000000 0.000000000000000E+000 ;
# horseshoe B
0.000000000000000E+000 2.00000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 4.00000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 6.00000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 8.00000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 10.0000000000000 0.000000000000000E+000 ;
# horseshoe C
0.000000000000000 0.00000000000000 0.000000000000000E+000 ;
0.799512661616390 2.00000000000000 -2.791959733011094E-002 ;
0.979199134751366 4.00000000000000 -3.419438723206673E-002 ;
0.979199134751366 6.00000000000000 -3.419438723206673E-002 ;
0.799512661616390 8.00000000000000 -2.791959733011094E-002 ;
# horseshoe D
0.799512661616390 2.00000000000000 -2.791959733011094E-002 ;
0.979199134751366 4.00000000000000 -3.419438723206673E-002 ;
0.979199134751366 6.00000000000000 -3.419438723206673E-002 ;
0.799512661616390 8.00000000000000 -2.791959733011094E-002 ;
0.000000000000000 10.0000000000000 0.000000000000000E+000 ;
# horseshoe E
199.979594959902 0.00000000000000 2.85685135657003 ;
200.779107621518 2.00000000000000 2.82893175923992 ;
200.958794094653 4.00000000000000 2.82265696933796 ;
200.958794094653 6.00000000000000 2.82265696933796 ;
200.779107621518 8.00000000000000 2.82893175923992 ;
# horseshoe F
200.779107621518 2.00000000000000 2.82893175923992 ;
200.958794094653 4.00000000000000 2.82265696933796 ;
200.958794094653 6.00000000000000 2.82265696933796 ;
200.779107621518 8.00000000000000 2.82893175923992 ;
199.979594959902 10.0000000000000 2.85685135657003 ;
The computed lift and drag distributions and the total lift and drag forces are written
in the output forces ﬁle. Firstly, the free-stream wind velocity is shown. Then, the
y coordinate and the chord of each node by columns are shown. Next, there are the
circulation distribution and the induced and viscous drag distributions by columns.
Finally, the lift and drag distributions and the total amount of this forces are written.
For the mentioned simulation, the output forces ﬁle is:
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***** OUTPUT DATA LIFTING LINE PROGRAM(Wing): FORCES *****
SIMULATION CONDITIONS
Uinf (1) = 7.00000000000000 [m/s]
Uinf (2) = 0.000000000000000E+000 [m/s]
Uinf (3) = 0.100000000000000 [m/s]
# Node number Collocation point (y coordinate) chord value
1 1.00000000000000 0.599634496212293
2 3.00000000000000 0.915956683826682
3 5.00000000000000 0.999390827020488
4 7.00000000000000 0.915956683826682
5 9.00000000000000 0.599634496212293
# Node number Gamma
1 0.581285736377132
2 0.850608558633366
3 0.925626471788874
4 0.850608500266631
5 0.581285759801464
# Node number drag_ind value [N] drag_0 value [N]
1 5.615693865178460E-002 0.000000000000000E+000
2 0.111702614996856 0.000000000000000E+000
3 0.122925679774997 0.000000000000000E+000
4 0.111702574562454 0.000000000000000E+000
5 5.615695350667804E-002 0.000000000000000E+000
# Node number lift_value [N] drag_value [N]
1 9.97006757701126 5.615693865178460E-002
2 14.5894252696004 0.111702614996856
3 15.8761137548680 0.122925679774997
4 14.5894242685088 0.111702574562454
5 9.97006797877954 5.615695350667804E-002
# Total Lift [N] Total Drag [N]
64.9950988487680 0.458644761492770
Finally, the last output data ﬁle contains the angles of each section. Once the free-
stream velocity is written, the induced angle and the twist angle values of each
node are shown. Finally, the last two columns show the eﬀective angle of attack
corresponding to each node number. The obtained output ﬁle looks like the next
one:
***** OUTPUT DATA LIFTING LINE PROGRAM(wing): ANGLES *****
SIMULATION CONDITIONS
Uinf (1) = 7.00000000000000 [m/s]
Uinf (2) = 0.000000000000000E+000 [m/s]
Uinf (3) = 0.100000000000000 [m/s]
# Node number Alpha_ind [rad] theta[rad]
1 5.632553462452943E-003 3.490658500000000E-002
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2 7.656409552308268E-003 3.490658500000000E-002
3 7.742806688904270E-003 3.490658500000000E-002
4 7.656407306185728E-003 3.490658500000000E-002
5 5.632554725424486E-003 3.490658500000000E-002
# Node number aoa[rad]
1 4.355877412494369E-002
2 4.153491803508836E-002
3 4.144852089849236E-002
4 4.153492028121090E-002
5 4.355877286197214E-002
7.4.2 HAWT code output ﬁles
The three output ﬁles made by this software are named: output_data_geometry_
HAWT.txt, output_data_forces_HAWT.txt and output_data_angles_HAWT.txt.
An example of each one for the input ﬁles given in subsection 7.3.2 corresponding to
the simulation of Section 8.3 is given. To avoid long example ﬁles, here the blade is
discretized in 10 elements, a free stream velocity of U∞ = 120 [m/s], and a increment
angle of the wake 4ω = 1 [rad]. This parameters are chosen only to show the format
of the output ﬁles.
The geometry ﬁle contains the number of blades, all the points deﬁning the colloca-
tion points of the horseshoe elements, the points deﬁning its vortex lines (A, B, C,
D, E and F) and the points deﬁning the vortex lines of the horseshoe element of the
second blade (and the third blade if a three bladed HAWT is being simulated). It is
structured in columns. The ﬁrst column shows the x coordinate, the second shows
the y coordinate and the third column contains the z coordinate of the points. There
is a title to indicate the point whom coordinates are showed and each line is ﬁnished
with a semicolon (;) to make easier the MATLAB plotting. The output ﬁle for the
mentioned conditions would be like the next one.
***** OUTPUT DATA LIFTING LINE PROGRAM: GEOMETRY *****
Number of blades: 2
### BLADE 1 ###
# Collocation point
6.038334477352043E-002 0.322750000000000 9.258792096762343E-003 ;
5.807537243473125E-002 0.473250000000000 4.724008438541756E-003 ;
5.541708714234175E-002 0.623750000000000 1.768934956621331E-003 ;
5.262330907792274E-002 0.774250000000000 -1.162583580607834E-004 ;
4.978378119776755E-002 0.924750000000000 -1.330697972573936E-003 ;
# horseshoe A
0.000000000000000E+000 0.247500000000000 0.000000000000000E+000 ;
0.000000000000000E+000 0.398000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 0.548500000000000 0.000000000000000E+000 ;
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0.000000000000000E+000 0.699000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 0.849500000000000 0.000000000000000E+000 ;
# horseshoe B
0.000000000000000E+000 0.398000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 0.548500000000000 0.000000000000000E+000 ;
0.000000000000000E+000 0.699000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 0.849500000000000 0.000000000000000E+000 ;
0.000000000000000E+000 1.00000000000000 0.000000000000000E+000 ;
# horseshoe C
0.122669574596550 0.247500000000000 2.402447644177458E-002 ;
0.118585025701251 0.398000000000000 1.354644209731990E-002 ;
0.113545536284553 0.548500000000000 6.159857636611973E-003 ;
0.108059096385834 0.699000000000000 1.444442743628755E-003 ;
0.102412813769441 0.849500000000000 -1.579936968904339E-003 ;
# horseshoe D
0.118585025701251 0.398000000000000 1.354644209731990E-002 ;
0.113545536284553 0.548500000000000 6.159857636611973E-003 ;
0.108059096385834 0.699000000000000 1.444442743628755E-003 ;
0.102412813769441 0.849500000000000 -1.579936968904339E-003 ;
9.793468264824208E-002 1.00000000000000 -3.577420102268282E-003 ;
# horseshoe E
0.245986501048926 2.732931213380056E-002 2.86478897550802 ;
0.155903896924522 -0.192224412923406 5.72957795101605 ;
-7.751603104463017E-002 -0.235047899227132 8.59436692652407 ;
.
.
.
1.836058561136480E-002 -0.849301559456950 8.59436692652407 ;
-0.704742352892212 -0.474329491008042 11.4591559020321 ;
-0.779908422232566 0.336738923991138 14.3239448775401 ;
# horseshoe F
0.382365682094819 0.110455806348803 2.86478897550802 ;
0.299538415866752 -0.262070100202287 5.72957795101605 ;
-5.868308851702697E-002 -0.393649965225583 8.59436692652407 ;
.
.
.
4.395511889345142E-002 -0.999033506706889 8.59436692652407 ;
-0.816908656651892 -0.576767064495886 11.4591559020321 ;
-0.926710380638774 0.375776356915038 14.3239448775401 ;
### BLADE 2 ###
# horseshoe A2
0.000000000000000E+000 -0.247500000000000 0.000000000000000E+000 ;
0.000000000000000E+000 -0.398000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 -0.548500000000000 0.000000000000000E+000 ;
0.000000000000000E+000 -0.699000000000000 0.000000000000000E+000 ;
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0.000000000000000E+000 -0.849500000000000 0.000000000000000E+000 ;
# horseshoe B2
0.000000000000000E+000 -0.398000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 -0.548500000000000 0.000000000000000E+000 ;
0.000000000000000E+000 -0.699000000000000 0.000000000000000E+000 ;
0.000000000000000E+000 -0.849500000000000 0.000000000000000E+000 ;
0.000000000000000E+000 -1.00000000000000 0.000000000000000E+000 ;
# horseshoe C2
-0.122669574596550 -0.247500000000000 2.402447644177458E-002 ;
-0.118585025701251 -0.398000000000000 1.354644209731990E-002 ;
-0.113545536284553 -0.548500000000000 6.159857636611973E-003 ;
-0.108059096385834 -0.699000000000000 1.444442743628755E-003 ;
-0.102412813769441 -0.849500000000000 -1.579936968904339E-003 ;
# horseshoe D2
-0.118585025701251 -0.398000000000000 1.354644209731990E-002 ;
-0.113545536284553 -0.548500000000000 6.159857636611973E-003 ;
-0.108059096385834 -0.699000000000000 1.444442743628755E-003 ;
-0.102412813769441 -0.849500000000000 -1.579936968904339E-003 ;
-9.793468264824208E-002 -1.00000000000000 -3.577420102268282E-003 ;
# horseshoe E2
-0.245986501048926 -2.732931213380056E-002 2.86478897550802 ;
-0.155903896924522 0.192224412923406 5.72957795101605 ;
7.751603104463017E-002 0.235047899227132 8.59436692652407 ;
.
.
.
-1.836058561136480E-002 0.849301559456950 8.59436692652407 ;
0.704742352892212 0.474329491008042 11.4591559020321 ;
0.779908422232566 -0.336738923991138 14.3239448775401 ;
# horseshoe F2
-0.382365682094819 -0.110455806348803 2.86478897550802 ;
-0.299538415866752 0.262070100202287 5.72957795101605 ;
5.868308851702697E-002 0.393649965225583 8.59436692652407 ;
.
.
.
-4.395511889345142E-002 0.999033506706889 8.59436692652407 ;
0.816908656651892 0.576767064495886 11.4591559020321 ;
0.926710380638774 -0.375776356915038 14.3239448775401 ;
The computed lift, drag, tangential force and thrust distributions and their total
value are written in the output forces ﬁle. Firstly, the simulation conditions are
shown. Then, the y coordinate and the chord of each node by columns are written.
Next, there are the circulation distribution and the induced and viscous drag distri-
butions by columns. After that, the lift and drag distributions and the total amount
of this forces are written. Finally, the tangential force and thrust distributions and
77 Daniel Sánchez Muñoz
Chapter 7. Software description
their total values are showed. For the mentioned simulation, the output forces ﬁle
is:
***** OUTPUT DATA LIFTING LINE PROGRAM: FORCES *****
SIMULATION CONDITIONS
Uinf = 120.000000000000 [m/s]
Angular speed = 41.8879020500000 [rad/s]
Number of blades = 2
# Node number Collocation point (y coordinate) chord value
1 0.322750000000000 0.120766689547041
2 0.473250000000000 0.116150744869463
3 0.623750000000000 0.110834174284684
4 0.774250000000000 0.105246618155845
5 0.924750000000000 9.956756239553510E-002
# Node number Gamma
1 32.3543856099079
2 37.7409042712779
3 37.7850612629445
4 35.4008586356424
5 29.0674183689632
# Node number lift_value [N] drag_value [N]
1 720.320523723639 242.046499110573
2 846.277055132035 128.415299839293
3 855.522727564757 89.9785114503797
4 811.290039679572 102.631401617228
5 675.746747606099 184.482752989438
# Total Lift [N] Total Drag [N]
3909.15709370610 747.554465006911
# Node number thrust_value [N] Ft_value [N]
1 321.166753935872 -688.694475653375
2 264.629880079716 -814.030939120105
3 269.927282833432 -816.795281502549
4 310.745236837577 -756.413994360202
5 383.145742951884 -586.401647941606
# Total Thrust [N] Total Ft [N]
1549.61489663848 -3662.33633857784
Finally, the last output data ﬁle contains the angles of each section. Firstly, the
simulation conditions are written and then, the induced angle and the set up pitch
angle values of each node are shown. Finally, the last two columns show the eﬀective
angle of attack corresponding to each node number. The obtained output ﬁle looks
like the next one:
***** OUTPUT DATA LIFTING LINE PROGRAM: ANGLES *****
SIMULATION CONDITIONS
Uinf = 120.000000000000 [m/s]
Angular speed = 41.8879020500000 [rad/s]
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Number of blades = 2
# Node number AOA [rad] phi[rad]
1 1.34660241848425 1.45860837622175
2 1.36605803308005 1.40707947937380
3 1.36464544039711 1.35641242227211
4 1.34919005224313 1.30683822789938
5 1.32542252144201 1.25855676445451
# Node number pitch[rad]
1 0.152148529737500
2 8.116401829375000E-002
3 3.190955387500000E-002
4 -2.209252343750010E-003
5 -2.672318498750000E-002
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Results and Validation
In this section, some simulations are performed to verify that the developed lifting
line codes solve the equations correctly. The conﬁgurations used to do the veri-
ﬁcations have known analytical solutions. Then, once validated the codes, some
examples to show their potential are done.
8.1 Wing
The veriﬁcation tests of this code are shown in subsection 8.1.1. Furthermore, the
adjustment of the number of elements to obtain good results is done in this subsec-
tion. Then, some results to show the capability of this code are shown in subsection
8.1.2.
8.1.1 Veriﬁcation tests
In order to do the validation of the lifting_line_wing_code program, the simulation
results are compared with the analytical results for an untwisted elliptical wing with
a span b of 10 meters and a root chord croot of 1 meter. No airfoil is speciﬁed for this
section, therefore the solutions are for a ﬂat plate or a symmetrical airfoil without
taking into account the zero lift drag coeﬃcient.
For an elliptic wing, the lift and induced drag coeﬃcients along the span is constant
and can be determined analytically with the next equations (Katz & Plotkin, [38]):
Cl =
2pi
1 + 2AR
α (8.1)
Cdi =
C2l
piAR
(8.2)
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And the aspect ratio of this wing is:
AR =
b2
S
=
b2
pibcroot
4
= 12.7324
For this simulation, an input free-stream wind velocity of Q∞ = (10.0, 0, 1.0) [m/s]
is used. The angle of attack that will face the wing is α = 0.997 [rad]. With the
value of the angle of attack and the aspect ratio, equation 8.1 gives a lift coeﬃcient
of Cl = 0.5412. This analytical value is compared with the distribution obtained
with the developed code for diﬀerent number of segment strips (N) in Figure 8.1.
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Figure 8.1: Elliptical wing lift distribution validation
The numerical lift coeﬃcients are obtained with the bound circulation as:
Cl =
2Γ
c(y)Q∞
(8.3)
Figure 8.1 shows how increasing the number of elements, the values at the wingtips
are better. Increasing the number of elements decreases the chord at the wingtip
elements and the last element takes higher values of lift coeﬃcient. But, the more
number of elements, the more computation time. Therefore, an error on the obtained
results due to the discretization used must be assumed. To establish a good accuracy
on the results, the criteria chosen in this section is to reach a total lift and drag values
with a centesimal precision. The Table 8.1 shows that it is achieved for 1000 elements.
So, as the simulated wing has a span b = 10 [m], the number of elements used to
all the simulations done in this section will have a element width of 1 centimeter.
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Figure 8.2: Elliptical wing lift distribution (element size 1 cm)
It means that the number of elements will be N = 100b (b in meters). Though
increasing the number of elements might give better results, that would cost more
computational time (now about 50 seconds) and would be useless since the results
of this computations are an approximation of the reality.
Once deﬁned the number of elements, Figures 8.2 and 8.3 show respectively the lift
coeﬃcient distribution and the bound circulation distribution.
N Total Lift [N] Total induced Drag [N]
20 259.4369 4.2690
50 257.3210 4.3601
80 256.78 4.3916
100 256.6669 4.3997
150 256.2918 4.1147
300 256.0416 4.426
500 255.9459 4.4313
750 255.8988 4.4343
1000 255.8912 4.4349
Table 8.1: Total Lift and induced drag comparison
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Figure 8.3: Elliptical wing bound circulation distribution. N = 1000
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Figure 8.4: Elliptical wing induced drag distribution. N = 1000
Finally, in Figure 8.4 it can be seen the induced drag computed is slightly higher
than the analytical (equation 8.2). Overall, it can be concluded that the veriﬁcation
tests are successful.
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Figure 8.5: Elliptical wing local lift per unit length. Airfoil NACA 6409
8.1.2 Results
Once validated the code, in this section some simulations to show its the potential
are done.
The ﬁrst simulation is basically the same as in the validation section but now the wing
is composed by the airfoil NACA 6409, which have a zero-lift drag coeﬃcient Cd0 =
0.05786 and a zero lift angle of attack αL0 = −7.750º = −0.1353 [rad]. Introducing
this parameters at the input ﬁle, the resulting lift and drag distributions per unit
length are shown in Figures 8.5 and 8.6 respectively. The results are compared with
the elliptical wing without airfoil data (ﬂat plate) and, as it may be expected, the
lift and drag are much higher because of the values of the NACA 6409 zero lift angle
of attack and zero-lift drag coeﬃcient that introduce the camber and viscous eﬀects.
To ﬁnish the wing tests, a rectangular blade with twist is tested. Concretely, the
tested rectangular wing has a constant chord c = 1 [m], a span b = 10 [m] and a
linear twist distribution from 2 degrees at the root to 4 degrees at each wing tip. It
is tested as a ﬂat plate (no airfoil) and with the same wind as in the veriﬁcation tests
Q∞ = (10.0, 0, 1.0) [m/s]. The bound circulation obtained for this wing is shown
in Figure 8.7. The bound circulation distribution is symmetrical and have the two
maximums near the root. This results are coherent with the deﬁned twist and wing
planform.
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Figure 8.6: Elliptical wing local drag per unit length. Airfoil NACA 6409
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Figure 8.7: Rectangular wing bound circulation
8.2 Rotor
To validate the developed lifting_line_HAWT_code (LL. HAWT at the ﬁgures), in
this section a blade with a set up pitch that match the angle of the inﬂow velocity of
each section is done. So, in that case, the blade should produce no lift because the
eﬀective angle that faces each section is zero. This test is done at (van Garrel, [29])
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and the results obtained in this test will be compared with the AWSM code results.
In order to do this veriﬁcation test, a rectangular blade with constant chord c = 1 [m]
and designed for a tip speed ratio of λ = 10 is chosen. Root and tip sections are
located at 2 and 10 meters from the center of the rotor. Thus, the blade lifting radius
is Rb = 8 [m] and the distance from the center of the rotor to the beginning of the
lifting section is rhub = 2 [m]. In addition, a wind velocity of U∞ = 10 [m/s] (free
stream velocity) is selected.
With the selected tip speed ratio and the free stream velocity, the angular speed is
Ω = 10 [rad/s]. No airfoil is selected for this simulation, i.e. αL0 = 0 and Cd0 = 0.
Therefore, the pitch angle of each blade will be:
βi = arctan(
U∞
Ωri
) (8.4)
Then, with the pitch distribution deﬁned for the free stream velocity of 10 [m/s],
the simulation is done three times: One with the deﬁned free stream velocity, one
increasing its value to U∞ = 11 [m/s] and the ﬁnal one decreasing its value to
U∞ = 9 [m/s].
Angle 4ω [deg] Comp. Time [s] Total Lift [N] Total induced Drag [N]
30 4.3150 1244.7356 6.4003
20 6.369 1249.0243 6.3859
15 8.5110 1250.8822 6.3796
10 12.6610 1252.4454 6.37393
5 25.136 1253.4743 6.3689
4 31.6690 1253.5622 6.3680
3 42.3650 1253.5856 6.3679
1 158.8480 1253.3356 6.3658
Table 8.2: Helical vortex discretization adjustment (N = 100)
But before that, the parameters4ω andN must be adjusted. Firstly, the adjustment
of the discretization of the helical vortex 4ω is done comparing the total lift of
the described blade for the free stream velocity of U∞ = 11 [m/s] and discretized
N = 100 elements.
The results obtained are shown in Table 8.2. The criteria to chose this parameter
is that the forces must give a reasonable value while not consuming a lot of com-
putational time. So, taking into account this, the chosen for the discretization of
the helical vortex is 4ω = 5º = 0.08726 [rad]. It can be seen that it is the point
when the induced drag value is stabilized and the lift reach a value of 1253 and the
decimals oscillate when the discretization parameter is decreased. Furthermore, the
computational time is acceptable. Now it is time to adjust the blade discretization
parameter. With the studied parameter ﬁxed, the total lift and drag are compared
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for the blade discretization elements N shown in Table 8.3.
N Comp. Time [s] Total Lift [N] Total induced Drag [N]
50 7.9400 1260.7369 6.3855
100 26.0240 1253.4745 6.3689
150 51.6160 1251.0176 6.3627
200 89.2790 1249.7851 6.3596
250 133.7930 1249.0410 6.3576
300 188.6740 1248.5453 6.3563
350 258.0730 1248.1905 6.3553
400 329.4270 1247.9259 6.3547
Table 8.3: Blade discretization adjustment (4ω = 0.08726)
Now, the same criteria is followed but the computational time is more important in
this adjustment because it increases considerably with the number of elements. So,
assuming an small error in the computation of the forces while consuming a reason-
able computational time so as to do the next simulations, the number of elements
chosen is N = 200. It is the chosen one because it is the ﬁrst for which the induced
drag force is almost the same as with a greater precision. Though the error in the
lift prediction is about 2 Newtons for this simulation, it uses three times less time
than the higher resolution analyzed (N = 400) does. If a high precision is required
no matter how much computational time consumed, the number of elements should
be 300 or 400. However, since this calculations are an approximation of the real
values, that precision rarely would be required considering the computational time
needed. It must be taken into account this simulation is for a blade and increasing
the number of blades will increase almost proportionally the computational time.
Then, with a value of N = 200 and 4ω = 5º = 0.08726 [rad], the mentioned
simulations are done. The results of that simulations compared with the AWSM
results for the same test (see van Garrel, [29]) are shown in Figure 8.8.
It can be seen at Figure 8.8 that the results are close to the ones from the AWSM
code. It must be taken into account that the AWSM code uses a free-wake and the
developed code is based in a prescribed wake method (as explained in subsection
6.2.2). The diﬀerences are a little bit higher at the root and tip of the blade. This
might be because in AWSM does an elements cosine distribution and the one used
here is linear. Nevertheless, the results are reasonable and the diﬀerences between
this results and the AWSM code were expected. Furthermore, the zero lift coeﬃcient
when the free stream velocity is set to 10 [m/s] indicates that the characteristic angles
deﬁning the position of each blade element is correct.
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Figure 8.8: Rotor veriﬁcation test. AWSM data adapted from (van Garrel, [29])
When the free stream velocity is increased, the incidence angle of the blade sections
is positive and the blade acts as a wind turbine blade, i.e. extracting energy from
the ﬂuid. On the contrary, when the free stream velocity is decreased, all blade
sections face an incidence angle negative because the tip speed ratio is greater than
the design tip speed ratio. Therefore, the blade is operating in propeller mode. So,
it can be concluded from this analysis that the behavior of the developed code is
coherent. Finally, in Figure 8.9 it can be seen how increasing the number of blades
the lift coeﬃcient distribution decreases. It might be expected because with more
blades, the induced velocity is higher and therefore the lift will be reduced.
Now, in order to validate the addition of the camber eﬀects through the zero-lift
angle as indicated in equation 6.61, the same simulation is done but now the data of
the airfoil DU 96 W180 (del Campo, [31]) is used. This airfoil has a zero lift angle
αL0 = −0.040414 [rad] and a zero-lift drag coeﬃcient Cd0 = 0.0075. The results for
this conﬁguration are shown in Figure 8.10. The zero-lift angle of attack used is
negative and reduces the pitch of each section according to the criteria described in
subsection 6.2.2. So, with less pitch, the angle of attack of each section is higher and
so is the lift.
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Figure 8.9: Lift coeﬃcient distribution for 1, 2 and 3 blades.
The lift produced with a free stream velocity of10 [m/s] in Figure 8.10 is the blade
lift due to the zero-angle of attack because, as shown in Figure 8.8, the ﬂat plate
lift coeﬃcient for this conﬁguration is almost zero along the blade. Then, for the
upper and lower velocity, the obtained lift coeﬃcient distributions are the sum of
the corresponding curves of Figure 8.8 and the lift coeﬃcient due to the zero angle
of attack. Hence, the results considering the camber eﬀects are reasonable.
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Figure 8.10: Camber eﬀects test
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8.3 HAWT simulation
In this section, a simulation of a two bladed horizontal axis wind turbine prototype
is done. The HAWT used is studied in (del Campo, [31]), where the results obtained
by the experimental non intrusive technique Stereoscopic Particle Image Velocimetry
(SPIV) are compared with the numerical results from Panel and BEM codes. This
numerical results are used in this section to compare with the results of the developed
HAWT code. Furthermore, the SPIV and Panel code results showed in (del Campo
et al., [36]) for the bound circulation are also used for comparison. Since all the other
computations of the developed code are based on the calculated bound circulation,
it is considered that this comparison is the most important. Hence, it is very useful
to have a numerical and an experimental solution of it to ﬁnd out if the obtained
results are reasonable.
The experimental measurements were carried out at the Open Jet Facility (OJF),
a closed circuit wind tunnel with test section size of 6m×6.5m×13.5m. The ﬂow
velocity was ﬁxed at U∞ = 6 [m/s].
The HAWT model tested was composed of two blades and had a total radius of
RT = 1 [m] and a hub radius of 0.147 [m]. It was operated by an electrical engine
at a constant angular velocity of 400 rpm, which made a tip speed ratio λ = 7. The
airfoil section used all along the blade was a DU-96-W180. The blade was slightly
tapered and twisted, with a maximum chord length of 0.123 [m] at r/RT = 0.29 and
a maximum set up pitch (twist) of β = 15º at the root.
Figure 8.11: Twist and chord distribution along the simulated HAWT blade. Repro-
duced from (del Campo, [31])
Figure 8.11 shows the blade twist and chord distribution characterizing the blade.
The lifting section of the blade starts at a distance from the rotor center of rhub =
0.2475 [m]. The input ﬁles for this simulation can be seen at 7.3.2.
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Figure 8.12: Bound Circulation distribution
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Figure 8.13: Bound Circulation, αL0 validation
The bound vortex circulation distribution computed, compared with the SPIV and
Panel Code data, is shown in Figure 8.12. The bound circulation computed with
the developed code is close to the experimental SPIV bound circulation at the blade
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tip and considerably higher in the middle section of the blade. With respect to the
Panel Code, the obtained values with the lifting line code are slightly lower at the
blade middle section than the ones of the Panel Code and slightly higher at the blade
tip. The obtained results are in the middle of the experimental SPIV values and the
Panel Code ones but closest to the Panel Code results. However, this results do not
mean that the developed code is better than the Panel Code.
In Figure 8.13, it can be seen that without taking into account the camber eﬀects
(the zero-lift angle of attack αL0) the value of the bound circulation would be far
from the experimental results. So, this ﬁgure might suggest that the airfoil camber is
taken into account correctly. The zero-lift drag coeﬃcient is not showed here because
it does not change the bound circulation value.
.
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−8
−6
−4
−2
0
2
4
6
8
r/R
T
a
n
ge
n
ti
a
l
F
o
rc
e
[N
/
m
]
BEM
Panel Code
LL.HAWT
Figure 8.14: Tangential Force per unit length along the blade
Now, the comparison of the tangential force per unit length is shown in Figure 8.14.
This ﬁgure shows that, at the blade tip and root zones the developed code gives
reasonable results compared with the Panel Code numerical results. However, in
the middle section, the computed results are worst than the BEM ones. The results
obtained are coherent but slightly far from the Panel and BEM results. It must
be said that this picture shows the greater diﬀerences between the obtained results
with the developed code and the numerical results from (del Campo, [31]). This
diﬀerences are not seen in the bound circulation comparison (see Figure 8.12) or in
the normal force per unit length (Figure 8.15). The normal force distribution shows
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that the results obtained are close to the Panel Code ones and at the blade tip and
root sections gives a better solution than the BEM code.
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Figure 8.15: Normal Force per unit length along the blade
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Figure 8.16: Tangential Force per unit length, validation αL0 and Cd0
Daniel Sánchez Muñoz 94
8.3. HAWT simulation
So, in order to ﬁnd a possible error, the validation of the the zero-lift drag coeﬃcient
application is done in Figures 8.16 and 8.17, where the value of the tangential and
normal forces distribution (respectively) obtained taking into account the zero-lift
angle of attack and the zero-lift drag coeﬃcient are compared with the results taking
into account only the zero lift angle of attack (αL0), only the zero-lift drag coeﬃcient
(cd0) and without any of this parameters (Flat Plate).
With Cd0 the drag value will be greater than the value of the ﬂat plate and, according
to the formulation given in subsection 6.2.2 and with the angles deﬁnition of Figure
6.15, the tangential force will decrease and the normal force will do the opposite.
This is exactly what happens comparing the ﬂat plate curves and the curves that
take into account the zero-lift drag coeﬃcient. Therefore, the results are coherent
and indicate the introduction of this parameter inside the code may has been done
correctly. It was showed at the boundary circulation results that adding the zero lift
angle of attack improves the results of the code. It is also indicated at Figures 8.16
and 8.17, where it can be seen that with this parameter the solution is closest to the
numerical results from (del Campo, [31]). Finally, as it was expected, Figure 8.16
shows that taking into account the zero lift drag coeﬃcient reduces the tangential
force per unit length and without it, the obtained results would be worst.
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Figure 8.17: Normal Force per unit length, validation αL0 and Cd0
In conclusion, the overall results of the simulation of this HAWT model with the
developed code are close to the experimental and numerical results from (del Campo,
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[31]) and (del Campo et al., [36]) but some corrections should be applied for a better
prediction of the tangential force.
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Environmental Impact
This project has been done completely using the computer and the experimental
validation used was from existing data. Therefore, the environmental impact of
the experimental validation test is not considered. Furthermore, the environmental
impact of the existing numerical computations data is not considered.
Hence, while developing this project no direct damage to the environment has been
made. However, an energy consumption is associated to this project due to the elec-
tricity consumed by the computer. This energy consumption is not really signiﬁcant
and its environmental impact and cost is not evaluated in this project.
Regarding the environmental impact from the use of the code, it will depend on its
acceptance and usage. Though future development of the code is needed to obtain
better results (see Chapter 12), it could be used as a tool for the preliminary design
of HAWTs. If this happens, the use of HAWT will contribute to reduce the CO2
because wind power consumes no fuel and emits no air pollution in operation. Other
major pollutants from conventional electricity such as SO2, NOx and PM10 are also
avoided through wind power.
Despite its vast potential, there are a variety of environmental impacts associated
with wind power generation which are relatively minor compared to the environmen-
tal impacts of traditional energy sources (e.g. fossil and nuclear power plants) but
should be taken into account. The main issues are:
I Visual impact
I Sound emissions
I Land use
I Birds and bats collisions
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However, this would be indirect environmental impact from this project and is not
evaluated here. The study of the environmental beneﬁts and impacts of onshore and
oﬀshore wind turbines can be seen at (EWEA, [41]).
Daniel Sánchez Muñoz 98
Chapter 10
Budget
This project has been focused on developing the lifting-line code for the study of
HAWTs aerodynamics. Though it has been validated with numerical and experi-
mental data, the experimental work was not done as part of this project and only
the results obtained by the researchers who made the experimental analysis have
been taken. Therefore, the experimental work is not included as part of the project's
budget. The budget will be composed by the the equipment, the licenses of the
programs used and the work hours developing the codes and writing this report.
I Equipment: This project has been carried out in a ﬁve years old personal
computer TOSHIBA Satellite A-300 II, which will be used for future works.
Therefore, only the cost of the consumed computer's service life is considered
as part of the budget. Hence, the unit cost will be the cost of 4 months using
the computer assuming a service life of 8 years.
I Licenses: The programs used to do this project have been MATLAB, Mi-
crosoft Visual Studio 2012 (with Intel Visual FORTRAN Composer XE 2013)
and LYX. LYX is an open source program and MATLAB was used only to print
the graphics of the obtained results and it can be done with the Home License.
I Work hours: The duration of this project has been three months. During this
time, approximately 5 hours every day were exclusively dedicated to it. As-
suming an annual salary of 20000 euros, the working hour has an approximate
value of 10 [¿].
The price of each of the described items and the total budget of the project is shown
in Table 10.1.
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Item QTY Unit Cost Total Item [¿]
TOSHIBA Satellite A-300 II Laptop 0.042 823 [¿] 34.57
Intel Visual FORTRAN Composer XE 2013 License 1 849 [$] 623.6
Microsoft Visual Studio Pro 2012 License 1 729 [$] 535.4
Matlab Home License 1 105 [¿] 105
Work hours 450[h] 10[¿/h] 4500
TOTAL 5798.57
Table 10.1: Budget
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Conclusions
The aim of this project was to develop a numerical code based on the Prandtl's lifting
line theory to predict the aerodynamics of a horizontal axis wind turbine. In order
to do it, a numerical code based on the same theory to study the aerodynamics of a
wing needed to be done. According to the obtained results for the simulations done
in Chapter 8, it is considered that both objectives have been successfully achieved
and the conclusions extracted from the work done are presented in this chapter.
Firstly, while doing the state of the art about the application of the lifting line
theory to the prediction of rotor loads of horizontal axis wind turbines, it can be
concluded that this theory has a real application for that purpose due to the good
results obtained and the constant eﬀort of researchers in order to improve the method
and its applications. However, the results coming from this simulations are far from
being as exact as the real ones but do have the consistency to be used as a design
tool for horizontal axis wind turbines. Besides, this theory improves the ﬂexibility
on the simulated blade and usually gives better results than BEM codes.
Then, before the code developing, the adaptation of the lifting line to the numerical
computations was done. It was hard to decide how to apply the original formulation
to the numerical computation of horizontal axis wind turbines due to the diﬀerent
approaches existing in the bibliography about it. Finally, the prescribed wake method
was chosen over the free wake method because, in a ﬁrst approach and according
to the limited time to develop this project, it gives acceptable results while not
consuming a lot of computational time. In this project, the complete formulation of
the original Prandtl's lifting line and its adaptation for the numerical computations of
a wing and a HAWT can be found. It will be really helpful for future works based on
this theory because all the formulation, including the deﬁnition of all the points that
compose the horseshoe elements, can be found clearly in a unique volume. So, this
work contributes to the knowledge about the lifting line and its application for the
101
Chapter 11. Conclusions
study of HAWT aerodynamics, specially at the ETSEIAT school of the Universitat
Politècnica de Catalunya.
The developed code for the simulation of a wing gives results near to the analytical
ones for an elliptical wing. Since the main purpose of this project was the develop-
ment of the HAWT code, no more validation tests were done for the wing code but
the results obtained for other planforms and twist distribution were reasonable. Be-
sides, the results indicate that the addition of the viscous and camber eﬀects through
the airfoil zero-lift angle of attack and zero-lift drag coeﬃcient was done properly.
Therefore it can be concluded that the prediction of the bound circulation using the
developed code is precise enough to estimate the lift and drag forces acting on a wing.
Nevertheless, the code can only simulate a wing which accomplishes the assumptions
done, e.g. without sweep or dihedral.
Regarding the developed code for the HAWT simulation, it accomplishes the pro-
posed task at the beginning of this project of predicting the aerodynamics acting on
a horizontal axis wind turbine with an acceptable accuracy. The results obtained
with the developed code for the simulation of the two bladed HAWT studied at (del
Campo, [31]) and (del Campo et al., [36]) show that, comparing with the numerical
and experimental results coming from those references, the prediction of the bound
circulation is between the Panel Code prediction and the experimental SPIV. The
normal force gives better results than the BEM one. Despite in the middle section
of the blade the computed normal force is slightly above the prediction of the Panel
Code, it is very close at the tip and root sections. The biggest diﬀerences between
the results obtained and the Panel and BEM codes are found in the prediction of the
tangential force. Though this diﬀerences are not huge, the computed tangential force
is above the prediction of the BEM and Panel Codes at the middle section and at the
wing tip gets closer to the prediction of the Panel Code. Analyzing the addition of
the viscous and camber eﬀects with the airfoil zero-lift drag coeﬃcient and zero-lift
angle of attack it is seen that without this corrections the results would be really
far from the experimental and numerical results. Therefore, it is concluded that the
developed code can predict the bound circulation and the aerodynamic forces of a
horizontal axis wind turbine with reasonable accuracy.
Furthermore, the results from both codes are saved in their respective output ﬁles
and can be easily represented graphically with MATLAB or other software for that
purpose.
The overall results of this project are a numerical code based on the lifting line theory
which could be used as a preliminary design tool of horizontal axis wind turbines and
a numerical code based on the same theory that could be used as a wing preliminary
design tool, both justiﬁed with this project. However, because of the assumptions
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done, the geometry of the simulations are limited and that is the reason why some
future work would be helpful to improve the capabilities of both codes.
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Future Work
Though the objectives described at the beginning of this project have been achieved,
taking into account all the hypothesis and assumptions done, there are some future
works that could be done to improve the results and capabilities of the codes.
I Deﬁne the coordinates axis so as to wings with sweep, dihedral or winglets
and blades with conning can be simulated. Hence, the collocation points and
horseshoes elements must be redeﬁned and the TE and LE coordinates instead
of the chord should be introduced in the input ﬁles.
I Adapt the HAWT code to simulate nonuniform free stream velocity through
all the rotor, as it is usual in wind turbines due to the wind proﬁles.
I Apply a free wake method (FWM) to improve the modelization of the wake,
which is the key to an accurate calculation of the rotor aerodynamic behav-
ior. With this method, the initial wake geometry is allowed to move until the
vortex elements take up positions which are consistent with the velocity ﬁeld.
Therefore, this method allows the contraction and expansion of the wake.
I Deﬁne the blade and wing discretization with a cosine distribution in order to
improve the accuracy of the results at the blade (or wing) tip and root regions.
With this distribution, good accuracy on the results might be achieved with
less number of elements than the linear distribution and that would make the
code faster.
I Develop the code so as to ﬁnd out the optimum operation point and the pre-
diction of the power curve for a given design and external conditions.
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Appendix A
In this appendix, the developed code for the simulation of a wing is showed. See the
attached document.
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Appendix B
The developed numerical code to predict the HAWTs aerodynamics is shown in this
appendix. See the attached document.
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